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NOTICE

This report was prepared as an account of Government sponsored work. Neither

the United States, nor the National Aeronautics and Space Administration (NASA),

nor any person acting on behalf of NASA:

A.) Makes any warranty or representation, expressed or implied, with

respect to the accuracy, con_pleteness, or usefulness of the infor-

mation contained in this report, or that the use of any information,

apparatus, method, or process disclosed in this report may not in-

fringe privately owned rights; or

B.) Assumes any liabilities with respect to the use of, or for damages

resulting from the use of any information, apparatus, method or

process disclosed in this report.

As used above, "person acting on behalf of NASA" includes any employee or con-

tractor of NASA, or employee of such contractor, to the extent that such employee

or contractor of NASA, or employee of such contractor prepares, disseminates, or

provides access to, any information pursuant to this employment or contract with

NASA, or his employment with such contractor.

Requests for copies of this report

should be referred to:

National Aeronautics and Space Administration

Office of Scientific and Technical Information

Washington 25, D. C.

Attention: AFSS-A
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FOREWORD

This report was prepared by TAPC0, a division of Thompson Ramo Wooldridge Inc.,

Cleveland, Ohio, in fulfillment of National Aeronautics and Space Administration

Contract NAS3-2526, "Research on the Vortex MHD Power Generator". The work was

administered under the direction of Mr. Walter Scott, Chief of the Advanced

Technology Program, NASA Headquarters, Washington, D. C. Mr. Herman Schwartz,

NASA Lewis Research Center, was the program monitor.

The studies presented began in April 1962, and were concluded in Ju_y 1963. The

chief contributors and their fields of interest were:

W. C. Davis: experimental and theoretical magnetohydrodynamics.

W. F. Wade and E. L. Krasnoff: experimental and analytical study of vortex

mot ion.

A. F. Bond: computer analysis of vortex generator performance.

R. J. Coerdt: reliability and materials performance; generator applications

analysis.

R. T. Craig: program management.

This report concludes the work on Contract NAS3-2526.
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Experimental and theoretical research on the vortex V_D power generator has

been conducted to determine its area of feasible application and practical

lower limits of power output. This effort is an extension of the research

conducted previously under NASA Contract NAS5-705 wherein the various operating

problems had been defined and the advantages of the vortex concept for MHD

power generation established.

In the present study emphasis was given to advancing the concepts of turbulent

vortex flows, to determining the operating characteristics of an experimental

vortex _D generator, and to improving the analytical methods for predicting

generator performance.

The investigation of turbulent vortex flow was supported both analytically

and experimentally. Analytical models, based on a pseudo-laminar analysis and

in analogy with turbulent boundary layers, were developed for the hydrodynamics

of turbulent jet-driven vortex flows with and without centerbodies. The mixing

length theory which was developed under the earlier contract for this applica-

tion was found to be more complicated and unnecessary. Measurements of the

flow distributions within a vortex chamber generally confirmed the validity of

the analytical models; they also revealed the presence of relatively strong

radial flows in the sidewall boundary layers of the low aspect ratio vortex

chamber employed.

A dual jet vortex type MHD generator was operated in the laboratory on cesium

metal seeded arc-heated argon plasmas. Of the several test attempts, two were

aborted because of commercial equipment failures and two were unsuccessful in

producing substantial power because of rapid graphite exhaust tube erosion and

subsequent generator shorting. The materials problem otherwise was reduced to

an acceptable level. Heat transfer and thermal control were established con-

sistent with original estimates.

A computer analysis for determining the performance of the vortex generator

was developed. Real gas effects, including external heat transfer and viscous

drag on the vortex sidewalls were thereby included in the calculation of overall

generator performance.

ii
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Finally, the computer analysis was applied to the example of a high temperature

combustion plasma operated vortex MHD generator; the generator performance was

shown to be very competitive with other types of strongly competing open-cycle

power conversion systems. /_ _/#_
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1. O INTRCDUCTION

The area of light weight and reliable electric power production continues to

attract great interest, particularly for space vehicle applications. Thus, the

consideration of MHD systems in an effort to obtain improved-performance power

conversion capability is quite natural.

A general examination of MHD power conversion and a search for attractive

approaches and geometries was conducted by Thompson Ramo Wooldridge. From this

search the concept of the vortex MBD power generator was evolved. The early

investigation of this concept consisted of an initial phase of theoretical

analyses and an experimental investigation of vortex generators utilizing

liquid media. This investigation established that the vortex generator concept

offered significant improvement in specific power over competitive linear chan-

nel MHD technology for several reasons: primary among these reasons are the

more efficient utilization of the applied magnetic field and the lowered heat

transfer, both of which naturally result from the specific vortex geometry.

The outstanding potential exhibited by the vortex MHD generator in the initial

analysis justified that further theoretical and experimental work should be

accomplished and NASA awarded TRW a contract (NAS5-703) to conduct this study.

The results were a further confirmation of the basic feasibility of the vortex

generator concept. The areas which could lead to major performance penalties

or which could preclude the ultimate application of vortex MHD generators in

the low kilowatt range were investigated. It was determined that none of these

areas would contribute a major performance degradation. The degree to which

the original theory is applicable was determined and improvements in the

theoretical predictions were derived. Furthermore, the basic problem areas

were defined and sufficient data accumulated so that it was possible to formu-

late the present program which logically would advance the vortex generator

concept and define its applicability in the field of electric power generation.

The results of that program, supported by a NASA contract effort, constitute

this final report.

1
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2.0 ,STUDY OF TURBULENT VORTEX MOTION

2.1 Analysis The objective of this study was to develop a simple analyt-

ical model for the hydrodynamics of turbulent Jet driven vortex flows. The basic

equations are written down in Appendix A and specialized to the case of axisym-

metric flow. As an introduction to vortex flows involving an inner porous cylin-

der, Section 2.1.1 discusses the solution in the case of laminar flow. It is

shown here that the controlling parameters consist of a tangential Reynolds num-

ber and the ratio of radial to tangential (driving Jet) velocity. It is also

shown that the inner cylinder friction coefficient has an asymptotic value which

depends on the radial to tangential velocity ratio.

In Section 2.1.2, data for the case of four driving Jets is analyzed on the basis

of a constant eddy viscosity assumption. It is shown that a constant eddy vis-

cosity is a characteristic of the flow in an "outer" region adjacent to the

driving Jets. In this outer region, it is also shown that the ratio of eddy to

molecular viscosity has the form

E K2

7 = "2 Rev

where Rev is a tangential Reynolds number and K is a function of the radial to

tangential velocity ratio. The consequence of this is that tangential velocity

profiles in the outer region depend only on this velocity ratio. In particular,

it is finally shown that the inner wall friction coefficient depends only on

this velocity ratio.

The solution of Section 2.1.2 is discussed in Section 2.1.3 in terms of mixing

length concepts. Here it is shown that K is the universal constant of mixing

length theory multiplied by a function of the radial to tangential velocity ratio.

In Section 2.1.4 the regions adjacent to the inner porous cylinder are discussed.

An expression for the profile in a "sublayer" is obtained by neglecting the eddy

viscosity in comparison to the molecular viscosity and enforcing the known inner

wall friction coefficient. The "transition" region (adjacent to the sublayer)

and the "wall" region (adjacent to the outer region) on the other hand, require

additional data for useful analyses and correlations.

2



Finally, the flow equations for a vortex without a porous inner cylinder are

discussed in Section 2.1.5. These equations are included primarily because they
pertain to the conditions of flow in the experimental vortex chamberand also

since they mayfind application in a generator configuration having no centerbody.

2.1.1 Laminar Vortex Flow with Porous Inner Cylinder As an introduction

to Jet driven vortex flows with an inner cylinder on which the tangential velo-

city vanishes, consider the case of laminar flaw. It is shown in Appendix A that

dp _p (u2 + v2) (i)
dr r

ur --Uor° (2)

1 _ Reu
v = Ar"l + Br (3)

where

(u, v) = velocity components in the (r, @) - cylindrical coordinate

P

f
Reu

V
0

system

= pressure

= density

= Uoro/J , the (negative) radial Reynolds number

= kinematic viscosity

= recovered driving Jet velocity which obtains at r = r
O

The recovered Jet velocity v° can be obtained in view of the known driving Jet

momentum and a torque balance in the manner of Reference 1. It will be assumed

here that v° is known. Introducing dimensionless variables

V r

v-- (4)v ' R=r
O O

the "tangential" velocity is

R-I . Ri'( 2 + Reu) R(I + Reu)

v = -(2+ Reu) (_)
i - R i

where the constants A and B have been evaluated so that V = i at R = i and V --0

at R = Ri, the inner cylinder radius. This velocity profile peaks at
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For - Reu >> I it

for Reu = -lO0, Rm

ized by very large

to laminar suction

_R i (Note that for Reu : -i0, R : 1.316is seen that Rm . m Ri;

= 1.045 Ri). The laminar profiles are, therefore, character-

velocity gradients near the inner cylinder which are similar

boundary layers. The inner cylinder friction coefficient is

or

where

For - Reu

= 2 = Rev\dR / R = Ricfi i12#vo

2 -(2 + Reu)

cfi = Rev [i- Ri'(2 + Reu_Ri2j

Vor o

Re v = %/

>> i the asymptotic expression

(6)

Reu = - --2 (Uo/Vo) (7)
cfi "_ Ri2 Rev Ri 2

is applicable. This friction coefficient may be compared to the asymptotic

value for a flat plate boundary layer with uniform suction. It is

- 2 Uo/U o
Cfb.l.

where uo is the wall suction speed and Uo the free stream speed.

A plot of Equation (6) is presented in Figure 2-1 where the effect of the radial

to tangential velocity ratio is shown. (The value Ri = 0.56 was chosen in gener-

ating Figure 2-1. It corresponds to the tests discussed in Reference 2.) The

interesting result is that, for velocity ratios of interest Uo/V ° > O.O1, the

wall fr_atlon coefficient is essentially constant for Rev greater than about l_.

Assuming that turbulent flows obtain for Rev >lO 3 this suggests that the turbu-

lent friction coefficients depend only on Uo/V o. One might also expect the tur-

bulent friction coefficients to be less than the laminar friction coefficients.

Consider the dimensionless torque balance relation

4
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where

Ri 2 cfi = R2 cf - 2(Uo/V o) RV

2( v)Cf=_v "_

(8)

(9)

Applying (8) at R = i where V = i for either laminar or turbulent flow shows

that cfi will be smaller,, for turbulent flow than for laminar flow if the op-

posite is true of .Icf .I' the shear at R = i. That this is the is shownc_se in

o
the next section.

2.1.2 Turbulent Vortex Flow with Porous Inner Cyllnder The only published

tangential velocity data which cover a range of Re v a_i Uo/V ° wide enough to

permit correlations between theory and experiment are presented in Reference 2.

This has been done for the case of four driving Jets. The basis of initial

analyses of the data was chosen to be a constant eddy viscosity model on the

premise that this is a good assumption for the free turbulence region of a vortex

chamber. It was expected that the portion of a vortex chamber between the

driving Jets (R = i) and some radius smaller than the radius at which the maxi-

mum velocity occurs would be a constant eddy viscosity region. Accordingly,

the basic equation governing the mean tangential flow was taken as (see Appendix A)

(i+_E )R
(i0)

where the effective radial Reynold_ number is

* / u° r° (IC_)
Reu = E

and E is the eddy viscosity. The dimensionless tangential velocity V is now

the ratio of the mean turbulent value, _, to the recovered Jet velocity, v o.

Neglecting_/E as being small compared to one, the solution of (i0) which

gives V = i at R = i is

i + Reu
V = CR"I + (l - C) R (ll)

6
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This equation was originally used in a form which displayed a velocity Vi, the

extrapolated wall or inner cylinder velocity at R = R i. Introduction of this

notion was made in analogy to the work of Reference 3 where the outer region of

turbulent boundary layers was studied. Its introduction into (11) merely serves

to emphasize that (ll) should be valid only in the outer region of a vurtex

chamber. In terms of R i and Vi, (ll) becomes

!

1 - ViRi'(1 + Reu*= - u R'I I

- (a - RiVi) Ri'(2 ÷ Reu*)R (_.)

This expression was matched to the experimental velocity profiles of Reference 2 l

by requiring that it produce the experimental maximum velocitY. That is, V= V
. max

and dV/dR = 0 at R = Rma x were used to define two equations for V i and Re u . l
The resulting values of Reu* and V i were then analyzed and the inner wall friction

coefficient was calculated from a torque balance between the inner and outer

cylinders. This torque balance requires that l

Ri2 cfi o- cf - 2(Uo/Vo) (13)

where the turbulent outer friction coefficient is

o Re v = i

Recalling that

or

. Rev (Uo/Vo)
Reu (E

E Rev (UJVo)

Re
U

!

(14) |

!

|

(_5) |

shows that the eddy viscosity is known once the effective radial Reynolds number

is known. Furthermore, it has been shown in References (4) and (5) that

7
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E _ (16)

The meaning of this relation is discussed in Section 2.1.3. For the moment, it

may be considered an assumption (keeping in mind that K depends on Uo/Vo). Then

there is obtained

and

. 2(Uo/Vo)
Reu = _ (17)

I_ V)R (18)
0 =i

Thus, the outer region of the turbulent velocity profile is seen to be inde-

pendent of Rev and, therefore, so is the inner cylinder friction coefficient.

Results of the analysis of the data of Reference 2 according to the procedure

outline above are presented in Figures 2-2 through 2-6. It is seen that the

constant eddy viscosity model can indeed be employed to represent the outer

region of a turbulent vortex chamber flow. The tangential velocity profiles

are plotted versus the normalized radius

R - Ri

= i - Ri

and it appears that the outer region where E is constant extends in to about

R = 0.15. (This corresponds to about 0.2 inches from the inner cylinder of the

vortex chamber of Reference 2). The region 0 < R < 0.15 will be referred to as

the inner or wall region as it has the character of the wall region of a turbu-

lent boundary layer. This region is discussed in Section 2.1.4.

The scatter in the variatio6 of the "constant" K with Uo/V ° is associated with

the scatter in the data of Reference 2. It is, in particular, caused by the

scatter in the estimated value and location of the maxlmumtangential velocity

point. The data available do not really permit a good specification of this

point. The reduced scatter in the cfi , Uo/V o - curve stems from the insensi-
.

tivity of cfi to the effective Reynolds number, Reu , and note that the term

8
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involving the outer friction coefficient, Cfo , is dominated by the term involving

the Jet momentum, 2 Uo/V ° in (13). The value of V i of 1.07 used in Figures 2-2,

2-3, 2-4 is the average value of all obtained. No trend to V i was observed

since it is extremely sensitive to the choice of the maximum velocity point.

2.1. 3 Mixing Length Considerations Mixing length concepts have been

employed to explain turbulent vortex characteristics in the literature, notably

References 2 and 4. Some of the comments in these references may lead to con-

fusion, and it is the purpose of the following section to clarify two particular

points.

First consider the remarks in Reference 2 which suggest that the mixing length,

_, is independent of Uo/V o. According to yon Karman's similarity hypothesis

the mixing length is

or, in the dimensionless variables R, V,

r
o

where A =

- (19)

Ri

We have already seen that, in the outer region, V = V(R, Ri, Uo/V o) and K, which

is related to K of Section 2.1.2, also depends on Uo/V o. It may also be noted

now that the analytical calculations of tangential velocity profiles carried out

in Reference 2 were based on (19) and mixing length variations calculated from

experimental tangential velocity profiles. There resulted the necessity for

numerically integrating the basic differential equation. This numerical inte-

gration is not necessary when the problem is formulated in terms of the eddy

viscosity, E, as in the previous section of this report. In Section 2.1.4, it

_rlllbe shown that the wall region of a vortex chamber can also be specified in

closed form.
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In Reference 4, the relation [See (16 1

E
= _ Rev

was introduced and K was referred to as the universal constant of mixing length

theory. While it was suggested that K was not a universal constant at all but

depended on the geometry of the flow, we can now show specifically what this

dependence is. We have

E

(r_o 2Re )

.,_V= l.Ri _ (20)

Using (19) in (20) there is obtained

E__= 2 (i- Ri)

By comparing (21) with (16),

length theory and K is

K2
Rev (21)

it is seen that the relation between K of mixing

K = _K (22)

IAR_ dV V 2

using (21) to evaluate E_, the calculation-of Reference 4 evaluated the

term in the bracket of (21) and (22) at R = i. But in addition, the calculation

was made under the assumption that -Reu ----,_ . In this case only it turns

out that the bracketed term is one and K = K. The specific dependence of the

mixing length parameter K on both R i and Uo/V ° was thus masked in Reference 4.

14
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In concluding this section, it is noted that constant eddy viscosity in the

outer region implies a mixing length which increases with R. This can be shown

* --* _ Then it is found that
most simply by assuming -Reu

r_ K K--= _ (1-Ri)(A+R) = _-R

for the outer region. This is in qualitative agreement with the results of

Reference 2 for the case of four driving jets.

I
I

I
I

2.1.4 The Inner Regions of a Turbulent Vortex with Porous Inner Cylinder

In the region betwee_ the inner cylinder and the outer region of a vortex

chamber, the equation for the tangential velocity is

S__ - + = (i + E/_)(A +_R)
+ _$-__R) 1 d(E/_)

(_- _ (23)

where E_ is now a function of R. Equation (23) follows from Equations (16)

and (16A) of Appendix A for E = E(R). The reader can also verify that it re-

sults from differentiating the torque balance relation

(i +E//z_)(A +R)2 (_-_-__I_ " Reu(A +R)V = c°nstant (21_)

This torque balance relation can be used, in view of experimental tangential

velocity profiles, to determine the function E = E(R). An analogous task was

performed in Reference 2 where, however, the mixing length was introduced into

(24) (see Section 2.1.3). It is now suggested _hat mixing length concepts be

avoided and (24) used to analyze experimental results. If this is done, it

can be hoped that, in the region adjacent to the outer region of the vortex,

the eddy vfscosity has the form (see Section 2.1.2)

E = fCR)_ Rev (25)
7 - |
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where f(_R) is a universal function. The region referred to is analogous to

the wall region of a turbulent boundary layer; and the conjecture, Equation (25),

is made in view of the universality of the wall region of a turbulent boundary

layer.

In the "sublayer" immediately adjacent to the inner cylinder of a vortex chamber

the eddy viscosity may be neglected as being small compared to the molecular

viscosity. Then, so long as d(E//_c)/dR_is also small (a questionable assumption)

the basic equation (23) reduces to

R'I + = _ _ + (26)

The general solution is

Cs (A + R)I + Reu Bs
Vs = 2 + Re - +]E-+-_

U

Applying the boundary condition that V
S

S
= A + R)1 + Reu

Vs 2 + Re u _ -

= 0 at R = 0 results in

2+ Re

A u

A+R

Now the constant Cs is obtained by introducing next the inner wall friction

coefficient which is known (Section 2.1.2). We have

or

2 _vI 2 _I
efi = _v _-- R = Ri (i - Ri)Re v - R -- 0

v'(o)= (1/2)(1-R i)Rev °fi

Using this, the result for the sublayer profile is found to be -_

(1/2)(1 -Ri) Rev cfi _. i + Reu A2 + Re

Vs = ''' Reu _A + R) " 'A +A (2+ Reu)

(27)

16



This holds only for R < < i and permits the approximation

vs = (I/2)(1.Ri)Rev cflR (28)

Recalling that cfi depends on Uo/Vo, Equation (28) clearly shows also the de-

pendence of the sublayer profile on Re v. Consider now the assumption that the

second term on the right of (23) is small compared to the first; Equation (28)

renders this assumption equivalent to

-Reu d(E/_)
-W-- dR

Using (25) results in

df 2(uolvo)
__ < < ._ (29)

Noting that f must be zero at the wall and unity at the beginning of the outer

region (R _ 0.15) shows that the inequality (29) is not satisfied by the data

of Section 2.1.2. As an example consider Uo/V ° = -0.0575 for which K _ 0.12

and A _ 1.27. According to (29) then

df
_<<6

while, since f = 1 at R _ 0.15, we must have dr/dR_ = 0(1/0.15) = 0(6.7).

In Reference 6, the second term on the right of (23) was neglected in order to

obtain an idea of the velocity profiles in the wall region. Linear variations

were assumed for E//_ and the equation was integrated. The results ultimately

displayed a velocity gradient discontinuity where the wall region profile inter-

sected the sublayer profile as given by (28). This is consistent with the results

of the previous paragraph and suggests that future analyses must be based on

(23) in its complete form or on (24). In Appendix B, (24)is integrated and

an example of a resulting profile is given.
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2.1.5 Flow in a Vortex without Porous Inner Cylinder (Centerbody) The

equations of flow in a vortex not containing a centerbody were derived primarily

as a means of analyzing the experimental results obtained from the vortex cham-

ber flow measurements. The solution for the tangential velocity is indicated

by Equation (10) and (ll) of Appendix C and illustrated in Figure 2-7 for the

geometric ratio ri/r ° = 0.3 of the experimental device. The tangential momen-

tum equations, as noted in Appendix C, are identical for both compressible and

incompressible flows. However, compressibility effects cannot be ignored in

the method of determining velocity distributions from radial static pressure

distributions. This aspect will be discussed later.

2.2 Experiment The experimental program undertaken in support of the

turbulent vortex flow analysis consists of several parts. First, a flow

visualization study, described in Section 2.2.1, was performed as a means of

improving our physical intuition of the vortex flow processes. Subsequently,

more elaborate measurements were conducted in a vortex chamber (Section 2.2.2)

wherein tangential velocity distributions were determined. Finally the extent

of boundary layer formation on the vortex chamber sidewalls was explored because

of the possibility, suggested by the work of Kendall that these boundary layers

would have a very significant influence on the performance of low aspect ratio

(L/rO) vortex chambers.

2.2.1 Flow Visualization Study In order to improve our physical intuition

of vortex flow processes, and in an effort to explain seeming inconsistencies

in the data of Reference 2, a flow visualization study of an incompressible

vortex was made. The flow of water in a single-nozzle vortex chamber with

centerbody was studied by means of flexible tufts, and by ink injection.

The dimensions of the vortex chamber, which was designed and used for an earlier

study, were as follows: outside radius_ rw = 2 inches; centerbody radius

ri = 0.5, l, or 1.5 inches; centerbody shape, tubular with five 0.030 inch wide

circumferential slots; depth, L --0.375 inch; nozzle width = 0.125 inch; nozzle

depth = 0.375 inch; nozzle location, outer surface tangent to outer wall of

vortex, r = 1.937 inches. Thus, the pertinent dimensionless geometrical ratios
n

were :

18
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L 0.1874
r

w

r i

r
= 0.25, 0.5, 0.75

r

n = 0.969
r

u W
o # n = O.00995
-V O

For the flow visualization study, the vortex chamber was equipped with fifty

needles, each holding a tuft of black thread. All tufts were positioned in

the midplane of the chamber.

Photographs of the tufts were taken for each of the three geometries at two
. I

I turbulent radial Reynolds numbers: = Uoro/_o _ -400 and -3000. A typi-
Reu

cal picture is shown in Figure 2-8. In addition, several pictures were taken

at near-laminar Reynolds number, estimated to be Reu _-50, with ink injection

through the outer wall. The pictures were analyzed by measuring the angles

assumed by the tufts, and by estimating the mean-flow streamline shapes.

I

I

I

I

I

I

I

I

At a given Reynolds number, the effect of the centerbodles was small; the tufts

in the three pictures at either turbulent Reynolds number show identical flow

directions. This is true of tufts both upstream and downstream of the center-

bodies; these centerbodles certainly do not stagnate the tangential flow.

There was some difference between the two turbulent flows for a given geometry;

the flow at the lower Reynolds number was more radial, thus, the velocity re-

covery was poorer. All flows showed some azimuthal dependence, which extended

all the way in to the centerbody; this azimuthal dependence was strongest near

the nozzle, as expected.

The estimated mean flow streamlines show that a given "mean flow particle" will

make two to three complete revolutions before reaching the one-inch centerbody,

for the lowReynolds number case. At the high Reynolds number, at least one

more revolution will result because of the higher tangential velocity recovery.

2O
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The near-laminar Reynolds number pictures show clearly that the slip plane

between a laminar Jet and a laminar vortex is unstable; this region immediately

rolls up to form relatively small vortices which decay as the Jet decelerates

to the main vortex flow velocity. The disturbances which lead to the small

vortices probably came from the needles which supported the tufts.

2.2.2 Vortex Chamber Design At the conclusion of the hydrodynamic studies

conducted under the preceeding NAS5-703 contract, definite recommendations,

Reference 2, were made for the improvement of the existing experimental apparatus.

These recommendations were to:

l) Measure more accurately them ass flow rate of the air supplied to the

vortex,

2) Use larger settling chambers upstream of the nozzles, so that the

inlet turbulence can be controlled,

3) Ascertain the effects of noncircular outer walls and nontangential

driving Jets,

4) Measure the total pressures in the vortex,

5) Measure the torques acting on various parts of the vortex chamber.

The first four of these improvements have all been incorporated into the present

vortex chamber, and the fifth can be added easily.

The basic compressible vortex chamber model is shown in Figures 2-9 through

2-13. It consists of four nozzle blocks, which are bolted together to form

the outer wall of the vortex chamber, and two sidewall plates, which contain

the exit tubes and support the centerbody. The number of inlet nozzles can

be changed by using one or more dummy nozzle blocks; the size or direction of

the nozzles or the depth of the vortex chamber can be changed by using a differ-

ent set of nozzle blocks. Changes in the exit tubes or centerbody are made by

changing the sidewall plates. Thus the geometric design of the model is very

flexible The basic model has the dimensions of the hot-gas generator model,

rw = 2 inches, ri = 0.75 inches, L = 0.5 inch, nozzle depth = 0.5 inch, nozzle

width = 0.25 inch, and _ = r /rw = 0.875.n

The mass flow rate of the incoming air is measured by means of an upstream

pressure tap and a throat pressure tap in each nozzle. Thus, the flow rate

22
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VORTEX CHAMBER, DISASSEMBLED 
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FIGURE 2-13 
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through each nozzle can be independently measured and controlled. The nozzle

design is such that the flow entering the vortex chamber is uniform and parallel_

and since each nozzle is an independent unit, the incoming turbulence does not

depend on the number of nozzles in use.

Figures 2-10 and 2-12 show the traversing rig used with the flow probes. This

rig replaces one of the sidewall plates, and allows radial, axial, or tangential

probing traverses; a probe can be located at any point in the vortex chamber,

and rotated in the plane of the vortex to determine flow direction.

Instrumentation employed in the experiments reported here includes a dial ther-

mometer to measure upstream stagnation temperature, an upstream pressure tap

and a throat pressure tap on each of the nozzles to measure nozzle flow rates,

twelve static pressure taps spaced 0.125 inch apart on a radial llne on one

sidewall of the vortex chamber, and a total pressure probe with two side tubes

for flow direction indication. Figure 2-14 shows these instruments installed

in the vortex chamber (assembled with two inlet nozzles and two dummy nozzles)

and the manometer bank employed.

The vortex chamber was pressure and leak tested by gradually increasing the

inlet pressure to the nozzles, and checking for air leaks. Leakage was found

to be no problem; the combination of circular and linear O-rings used in the

model provides a good seal. However, noise was a problem. With a low flow

rate through the chamber, the device was essentially silent, but as the flow

was increased, a whistle began to develop which eventually changed to a scream,

of a high enough intensity to be painful to everyone in the area, even when

earplugs were used. The noise was found to come from the downstream end of the

vortex chamber exit-tube, the whistle being due to an "organ'pipe" resonance of

the exit tube, and the scream to the interaction of turbulent flow noise with

the whistle. The scream was eliminated by placing a flne-mesh (105 wires per

linear inch), high-porosity (47 per cent open) screen over the exit tube opening,

and the whistle was eliminated by extending the exit tube with a long straight

pipe or a diffuser and straight pipe. At present, the only noise made by the

vortex model is the usual hlgh-frequency flow noise.

In the course of preliminary testing, it was found that poor compressor regula-

tion caused vortex pressure fluctuations of + 1-5 psi. In order to stabilize
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the pressures so that accurate measurements could be made, an air bleed line

was installed upstream of the vortex. This line was designed to handle a flow

up to the full output of the compressor. Thus, the compressor can be kept

running continuously, even when the vortex chamber is being operated with a low

through-flow. Tests showed that the chamber pressures were then steady, subject

only to slow drift due to compressor warm,up and atmospheric pressure changes.

The first total pressure probe employed was found to have too large a spacing

between the two directional tubes, making the probe overly sensitive to the

radial pressure gradient in the vortex chamber. By redesigning the probe tip

and taking greater pains in construction, the centerllne distance between dlr-

ectional tubes was reduced from 0.036 inch to 0.015 inch, which was adequate

for the experiments.

The inlet nozzles of the vortex chamber were designed to be used for flow

metering; in order to obtain an accurate flow measurement from these nozzles,

it was necessary to calibrate them with a standard co_nerclal laminar flowmeter,

accurate to + 0.5%. Thus was determined the flow coefficient, k, defined as

the ratio of the actual mass flow rate to that for an isentroplc flow with the

same inlet conditions and the same pressure ratio, versus the Reynolds number,

ReDN , based on the actual mass flow rate and the hydraulic diameter and fluid

viscosity at the nozzle throat. The relation

k = 0.27189 + 0.14173 loglo ReDN ,

fits the nozzles within the accuracy of the experiment. This equation can not

be expected to hold beyond the range of the experiments,

2(io)_ < Reo_ < 1.7(i0)5.

2.2 _ Tangential Velocity Distributions The results presented here were

obtained using two calibrated nozzles and two d_ nozzle blocks, symmetrically

disposed. The choice of two nozzle operation was made on the basis that it best

simulated the two Jet operation of the hot-gas vortex generator and therefore

would be immediately applicable to the analysis of generator performance.

3O



The vortex chamber sidewalls were adjusted so that the radial line of the static

pressure taps and that of a probe traverse were perpendicular to the axes of the

two nozzles. The centerline of the two nozzles crossed this radial line at a

radius ratio, rn/r w = 0.875. Both nozzles were operated at identical Reynolds

number, ReDN.

Radial distributions of the tangential velocity were calculated from the radial

momentum equation of a one-dimenslonal, steady, vortex flow, assuming that the

effects of viscosity, radial momentum, and compressibility are negligible:

dp 2

Pressure gradients were found by graphical differentiation of a smooth curve

drawn through the measured static pressures; fluid densities were calculated

for an adiabatic compressible vortex from the measured static pressures and

upstream stagnation temperature. The resulting nondimensionallzed velocity

distributions for Run 9 are shown in Figure 2-15. The effect of radial Reynolds

number on the distribution is more clearly evident in Figure 2-16 in which the

nondimensional velocities are normalized with respect to their values at r/r w =

0.875, the radius ratio of the nozzle centerlines. As expected the dimension-

less velocity distribution is a very weak function of the Reynolds number.

The apparent slight scatter of the data from a smooth profile is introduced by

the graphical differentiation process; scatter was not evident in the measured

pressure profiles.

Also shown are curves for solid body rotation and for the potential vortex,

each having a velocity ratlo of unity at the nozzle centerline. Thus the family

of curves represented in Figure 2-16 may be described as similar to a potential

vortex between the exhaust tube and the jets issuing from the nozzles; in between

the nozzle centerline and the wall all test curves lie between the two theoreti-

cal curves.

The velocities calculated from the pressure gradients are all significantly

higher than at the nozzle throat. Thus, the indication is that the air continues

to accelerate after it leaves the nozzles, due to the nontangential injection

into the strong radial pressure gradient.
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A radial probing traverse was made at a radial Reynolds number of - 28,000. The

total-pressure probe employed was a Pitot-direetional type fabricated from three

18-mil-outside diameter tubes with a 4-mil wall thickness. During the tests the

probe was aligned to give a pressure difference in the directional tubes corres-

ponding to the product of the measured static pressure gradient, the spacing of

the directional tubes, and the sine of the angle between the probe axis and the

chamber radius. The results, Figure 2-17, indicate that the probe itself influ-

enced the flow to a small extent, but the tangential velocity distribution

curve as determined with the probe agrees with the velocities determined from

the wall static pressures. The comparison of the two velocity-determination

methods is demonstrated more clearly in Figure 2-18 where the dp/dr derived

velocity is determined at the radius ratio corresponding to particular probe

locations. This technique to a large extent eliminates the data scatter of

Figure 2-17 caused by probe-lnduced flow distrubances and thus indicates the

validity of the dp/dr-derived velocity distributions. This conclusion is sig-

nificant from the standpoint that data acquisition is more easily facilitated

by the dp/dr method as compared to the probe method.

Values of probe determined velocities from Runs 12 through 15 are also included

in Figure 2-17 to indicate the very high degree of reproducability produced by

this method.

The probing rig sidewall, (see Figure 2-12) which contains a soft rubber strip

to allow probe traversing, was found to give essentially the same behavior as a

smooth sidewall. The comparison is illustrated in Figure 2-19 for a range of

Reynolds numbers. Run ll was conducted with a smooth wall as contrasted with

Run 9 which was made with the probing rig in place, but with no probe inserted

in the flow. Thus it may be concluded that the rubber strip in the probing rig

sidewall gave rise to no discernible flow disturbances.

2.2.4 Sidewall Boundary Layer Velocity Distributions Additional probing

runs were made in the vortex chamber to explore the possibility of significant

boundary layer flow. Three axial traverses were made from the centerline to the

wall of the chamber at radii of 1.75j 1.25, and 0.75 inches. All three traverses

were made on a radial line which was perpendicular to the axes of the two nozzles.

The results are presented in Figure 2-20. The outermost traverse showed a thin

turbulent boundary layer with no measurable radial component, other than that of
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the main flow. The boundary layer thickness was approximately 0.012 inch, and

the main flow appeared to be uniform. The second traverse showed a thicker wall

boundary layer with a significant radial component. The boundary layer thickness

at this point was approximately 0.080 inch. The tangential and radial boundary

layer profiles were very similar to those of Reference ll which showed a slight

rise in the tangential velocity and then a 1/n - power decrease near the wall.

In the present experiments the radial profile could not be determined exactly

near the wall because of the probe construction but it appeared to be roughly

triangular. The maximum estimated radial velocity was of the order of 200 feet

per second compared to a main flow tangential velocity of 470 feet per second.

The innermost traverse showed these same characteristics further intensified.

The boundary layer thickness was approximately O.lO0 inch and the radial profile

was much more pronounced. Again the profiles were very similar to those of Ref-

erence ll. The radial profile shows a small low-veloclty back-flow region near

the core flow. The maximum radial velocity was estimated to be of the order of

400 feet per second compared to a main tangential flow velocity of 680 feet per

second. At this point the radial boundary layer carried most of the through-

flow of the device. Thus, the sidewall boundary layer has been found to be much

more important than previously estimated; further work on this phenomenon is

imperative.

2.2.5 Discussion of Results The results presented in the two previous

sections correlate to a reasonable degree with the analytical expressions for

velocity distributions in a two-dimensional vortex. However the vortex chamber

employed In the experiments was of relatively low aspect ratio and consequently

the strong sidewall boundary layer radial flow (secondary flow) and viscous drag

on the core fluid must be taken into consideration.

Figure 2-21 presents the measured tangential velocity distributions for the

extremes of Reynolds numbers in Run 9. The analytical distributions for various

pseudo-lsminar velocity profiles are also indicated. Thus it is seen that the

profile shapes strongly resemble the analytical profiles, particularly for the

greater of the two Reynolds numbers. The deviation of the analytical and experi-

mental profiles is greatest at the minimum value of Reynolds number obtained and

at the outer radii. The deviation can be explained by noting the influence of

wall drag on tangential velocity profiles, Figure 2-22. The data of the present
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work, as well as several of the Reference 2 profiles, appear to be correlated

very well at the outer regions of radii by the hypothesis that the wall drag

is a dominant factor in determining velocity profiles for operation of small

aspect ratio vortex flows at low Re .
v

The present results also indicate that the effective eddy viscosity is higher

than that predicted by the theory presented in Section 2.1.3. The reason for

this is believed to be, in view of the strong secondary flow measured, the

substantial portion of total throughput flow which is involved in the sidewall

boundary layers; consequently the radial Reynolds number, Reu, of the core flow

is adversely affected.

Figure 2-23 indicates a comparison of the eddy to laminar viscosity ratio for

several different experiments. The theory of Section 2.1.3 indicates that the

E//_ ratio is a sole function of the Uo/V ° ratio at a given tangential Reynolds

number, i.e.,

K 2

E//_ =_- Re v

where K is the mixing length parameter and a function only of Uo/V ° (see

Figure 2-5). Thus on this basis alone the present results, at a Uo/V ° ratio of

0.041 could be expected to produce an E//_ ratio curve bounded by those of

References 2 and 4 in Figure 2-23. However, on the basis a theory developed

by Mack 14 for laminar sidewall boundary layers in vortex flow, the boundary

layer is expected to be relatively insignificant in the experiments of References

2 and 4, as a result of the small values of Re in the former and the large as-
V

pect ratio, L/rw, of the latter. The boundary layer flow was shown to be domi-

nant to that of the core flow and also turbulent in the present experiment.

Thus the involvement of such a large portion of total flow that occurs in the

boundary layer should be considered when attempting to correlate the tangential

velocity distributions and effective viscosities of the core flow.

A better appreciation of the comparison of boundary layer effects for the pre-

sentexperiments and those of Reference 2 is obtained by applying the analysis

of Mack 14 to the Reference 2 data. This would indicate that at Re v = lO 5, Uo/V °

= 0.057, and L/r w = 0.29, 22 per cent of the total mass flow was in the two side-

wall boundary layers of the Reference 2 vortex device. Incidentally at L/r w = .56
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approximately half of the above percentage is in boundary layer flow, thus ex-

plaining why very little aspect ratio effect is evident in the data of Reference

2 presented in Figure 2-2. This analysis is based on the assumption of a lami-

nar boundary layer. This assumption is probably valid for the Reference 2 data

inasmuch as the tangential Reynolds numbers are all lower than the transition

value of 3 x l05 found by Gregory, Stuart, and Walker 15 for a rotating disk in

still air. However exact transition values for boundary layers in Jet driven

vortex flows have yet to be determined. For a turbulent boundary layer, as

was apparently the case in the present experiments at an R v # (7)105'Ithe mass

flow through the boundary layer is expected to be proportional to Rev 4/5 (with
!

the Blasius skin-function law)instead of Rev 1/2 for a laminar boundary layer.

Thus the ratio of boundary layer flow to core flow will be larger in a turbu-

lent boundary layer for all Re v greater than some low value. This situation

appears to have existed in the present experiments at the upper end of the

range of tangential Reynolds numbers.

In conclusion, it appears that the analyses of Section 2.1 are valid for turbu-

lent vortex flow if the aspect ratio is sufficiently large, otherwise the effects

of wall drag and boundary layer flow must be taken into consideration.

The experimental techniques applied in this study were shown to give self-

consistent results and capable of yielding two-dimensional velocity distri-

butions throughout the annular region of a vortex chamber.
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3.0 VORTEX MHI) GENERATOR OPERATION

Based on the recommendations of the preceeding NAS5-703 contract, the initial

efforts on the present vortex generator program commenced with the acquisition

and installation of a dual arc Jet facility. The arc Jets are identical Plasma-

dyne M-4 subsonic heads coupled to two power supplies (each rated at _0 k_ con-

tinuous, 60 kw peak) for separate or simultaneous operation. Simultaneous

operation of both arc jets provides a factor of four increase in the plasma mass

flow capability as compared with previous operation. Thus, the increased flow
-1

rate, approximately 25 gm sec of seeded argon, minimizes the relative import-

ance of the auxiliary phenomena which were encountered in the earlier program.

The effects associated with single and multiple Jet-driven vortices, previously

investigated only in cold gas experiments, were then studied in hot gas power

generation experiments.

3.1 Design of the Experimental Vortex MHD Generator The design of an

advanced experimental model of the vortex MHD generator was completed and fabri-

cated without any significant difficulty. This model incorporates the changes

and refinements suggested by the preceeding NAS5-703 research program. Also in-

cluded are means for more extensive instrumentation, particularly for the deter-

mination and independent control of the sidewall and radial heat transfer from

the confined plasma. Significant improvements have been effected in the design

of the gas entry region including the nozzle itself. Them nozzle is of minimum

length and two dimensional, thereby providing a less turbulent Jet with an opti-

mum configuration for vortex driving. Figures 3-1, -2, and -3 illustrate the

above-mentioned features.

The design of the water-cooled mixing chamber-nozzle accommodates injection of

an alkali metal seed material into a region provided for mixing the seed with

the arc heated argon; this same region promotes uniformity of the thermodynamic

properties of the plasma Jets. One of the water-cooled nozzles of the vortex

generator was tested by operating it with maximum arc heater input power of 60 k_

and discharging into the atmosphere. The water temperature rise was 25°F for 3.2

gpm flowing under a heat of 45 psid. Heat dissipation in the nozzle was thus 12 kw.

Operation under these conditions for four minutes did not produce any deterioration

of the nozzle. Subsequent operation of the nozzles during generator operation also

produced no deterioration.
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Seeding was accomplished either by injecting an aqueous solution of an alkali

metal compound (cesium hydroxide), or by injecting the alkali metal (cesium) in

a liquid form. The latter method offers the advantage of helping to establish

a plasma of relatively simple composition which is free of oxidizing constituents.

Furthermore, the electrical conductivity is maximized because of the absence of

poisoning constituents, e.g., the electronegative hydroxyl radical.

Various methods of vaporization and atomization of cesium were considered. Be-

cause of the need to conserve the relatively expensive cesium and to expedite

test sequences with the MHD generator, a system having a fast response to control

was sought. These objectives were satisfied by metering the flow of a nonreacting

fluid, xylene, which in turn pumped the liquid metal directly to a gas-liquid

atomizer; the resulting spray was subsequently directed into the Jet issuing

from an arc heater. Separate seeding systems were employed for each driving jet.

Calculations (based on an analysis of atomization presented in Reference 2)

indicated that a diversion to the atomizers of ten per cent of the total argon

flow should be capable of producing droplet diameters of approximately 6 and 23/_

respectively for potassium and cesium, and that subsequent vaporization in the

arc heated argon takes place very rapidly - within a fraction of the length of

the mixing chamber - according to a calculation procedure devised by Shapiro and

Hawthorne 3' Thus, equilibrium ionization was likely in the jets entering the

cavity of the vortex generator.

Accordingly a seed injection mechanism was developed and operated for trial pur-

poses by discharging seed solutions, consisting of concentrated aqueous solutions

of cesium hydroxide, into the atmosphere. The device consists of an arrangement

whereby two diametrically opposed streams of seed solution are directed perpen-

dicularly into a high velocity jet of argon. The resulting atomized spray is

then ducted into the generator nozzle mixing chamber adjacent to the fron elec-

trode orifice of an arc heater. Subsequent mixing of the impinging spray and

arc heated argon produce the required plasma. Operation of the injection mech-

anism _n conjunction with the generator nozzle gave no visible indication of

distortion of the nozzle Jet. Operation of the injection mechanisms during

generator operation appeared to give satisfactory performance with either aqueous

solutions of cesium hydroxide or liquid cesium. The latter seed substance was

actually an alloy of cesium plus nine per cent (by weight) of NaK (78 per cent K,

5O



22 per cent Na) which was purposefully added to obtain a liquid alloy of low

solidification temperature and thereby to simplify the delivery system.

The location of the jets with respect to a purely tangential entry into the vor-

tex cavity was chosen on the basis of maximizing jet velocity recovery, consider-
ing the momentumloss4 due to shear on the outer cylindrical surface. Thus, the

effective vortex driving velocity was calculated to be 0.9 of the incoming jet

velocity, for a radial Reynolds numberReu = 66 based on an effective eddy
viscosity. The design of the generator, Figure 3-1, offers sufficient latitude

in componentdesign that relocation of the jets is easily accomplished should

other arrangements appear moredesirable.

Furthermore, nozzle expansion ratios maybe altered most simply by changing the
internal contours of that part of the nozzle (an uncooled tungsten extension of

the water-cooled copper nozzle) which is actually integral with the outer elec-

trode. This nozzle extension was sized to achieve a Jet Machnumber of 0.75, an

estimated optimumvalue for maximizing power output when the interrelationship

between conductivity and velocity is considered with respect to power density.

The magnet structure employed in the preceeding NAS5-703contract was modified

for the more extensive requirements of the new generator. The principal change

was the incorporation of coolant passages, for control of the generator sidewall

heat flux, into the magnetpole caps. Measurementof the field intensity pro-
duced with the correct generator gap spacing indicated a field intensity of 6,000

gauss at incipient saturation and a maximumdeviation of five per cent from the
meanfield strength throughout the entire generator cavity volume. Fields of

8,000 gauss were obtained at considerably greater coll currents but could be

maintained only for short periods (up to one minute) before excessive coll

heating occurred. The limitation in field strength is caused primarily by insuf-

ficient core area and consequently iron saturation.

Heat transfer in both the axial and radial direction was estimated for the gen-

erator with Jet total temperatures of 3300°Kand static pressures of two atmos-

pheres. The estimate of radial heat transfer through the outer electrode was

based on the application of Reynolds analogy of momentumand heat transfer to
the momentumloss analysis of Rosengweig4. The resulting radial heat transfer

was 20watt cm-2 for a stainless steel housing temperature of lO00°K. An
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electrode temperature of 2600°K results thereby which will permit adequate

thermionic emission of at least i amp cm -2 from a tungsten electrode.

Axial heat transfer from the generator sidewalls was estimated, on the basis of

the analysis 5 previously developed for this application, to be approximately 14

-2
watts cm for a housing temperature of IO00°K. This results in a temperature

of 1800°K for the inner surface of a magnesia electrical sidewall insulator and

1700°K at the magnesia-zirconia interface. The latter two temperature levels

should be satisfactory, both from the standpoint of negligible sidewall elec-

trical shorting and the liquidus temperature (1750°K) of the magnesia-zirconia

binary system.

The combined effects of all heat losses in the generator, but excluding those in

the water cooled nozzles, result in a four per cent reduction of the plasma mean

static temperature level. This, of course, has its consequences on the plasma

conductivity.

The power conversion in the generator was estimated conservatively on the basis

of equilibrium plasma conductivity being maintained, allowing for the effects of

heat transfer on the static plasma temperature distribution, and considering the

effects of turbulence on the velocity distribution. The effective mean conduc-
-i

tivity is approximately l mho cm under the conditions of pressure, temperature,

applied magnetic field of 1 weber m -2, and a relative cesium seed molar concen-

tration of 0.015. An increase of 15 per cent in conductivity could be expected
6

with a four-fold increase in concentration . The gain, however, is certainly

not warranted considering our present purposes and the relatively high cost of

cesium.

The deviation from inviscid vortex flow can be judged with reference to Figure 5b

of Reference 7 which indicates a measured velocity distribution of a vortex having

similar non-dlmensional flow and geometry parameters with the exception of having

a porous center body. The resulting conservative estimate of power is 880 watts,

-2
corresponding to an applied magnetic field of 1 weber m .

A preliminary study of centerbodies for the vortex generator revealed that the

desirability of tangential velocity stagnation, as effected completely by a
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porous center body, will depend upon the extent to which field induced nonequil-
ibrium can elevate the conductivity in the region of the inner electrode. The
best available information regarding nonequilibrium effects 8 suggested a simple

nonstagnating exhaust electrode arrangement of the type illustrated in Figure 3-1

will perform best, in the case of a fairly shallow generator. Thus, the inner

electrode arrangement employedwas of this type.

3.2 Instrumentation and Test Facility The experimental model of the

vortex MHD generator included internal instrumentation and the necessary internal

electrical connections to the electrodes. The electrical connections consist of

two tantalum strips, each resistance welded to the outer tungsten electrodes and

then bolted to the stainless steel generator frame. Difficulties encountered in

resistance welding were overcome primarily by cleaning the surfaces to be Joined

with a hydroxide solution and using well-prepared welding electrodes having a

good surface finish to prevent electrode-to-work piece sticking. No intermediate

foil was employed as is often the case for Joining refractory metals because of

the relatively low melting temperatures of the resulting bond. The weldments

produced seemed to be structurally adequate although not to the same degree that

is possible with non-refractory metals.

The internal instrumentation of the generator include: nozzle upstream static

and back pressure ports; radiation shielded W - W/0.26 Re thermocouples located

on the outer surface of the tungsten electrode ring; C/A thermocouples mounted

at the interface of the MgO and Zr02 sidewall insulators and also at the inter-

face between the ZrO 2 insulator and soft iron sidewall; C/A thermocouples cemented

into the inside surface of the generator frame; and finally W - W/0.26 Re thermo-

couples located in the flanged section of the graphite exhaust tubes and adjacent

to the tungsten overlay which forms an electrode surface. With the exception of

the latter, all of the thermocouples were located such that radial and azimuthal

variations in temperature can be determined as well as the heat flux or thermal

conductances of the various insulators. Other thermocouples were installed for

purposes of measuring the temperature rise of the air streams which externally

cool the generator.

The various gas metering systems required for a generator test were calibrated

by a laminar flow meter of 0.5 per cent accuracy. The primary metering elements
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are choked nozzles furnished with the necessary temperature and pressure gages.

These systems provide the metering and control of primary and secondary (for

seed injection) argon flows to the individual arc heaters and nozzles and air

cooling flows for the generator sidewalls and periphery.

The Control and data recording equipment required for testing the generator is

shown in the photograph of the generator test area, Figure _-4. The nearby

power supplies for the arc heaters are not included. Parameters which are indi-

cated and recorded include the generated voltage and current, applied magnetic

field, and appropriate generator component temperatures. Data recorders include

both high speed and low speed print-out e_lipment.

A review of possible techniques to measure plasma enthalpy was conducted. For

purposes of determining heat transfer coefficients within the vortex generator

and also the generator conversion efficiency, a gas-dilution type of calorimeter

was indicated. Figure 3-5 shows the gas dilution calorimeter which was con-

structed. This type of calorimeter was selected in order to obtain a mean

stream enthalpy value and also to employ gas dilution as opposed to a water-side

heat sink to avoid the possibility of an explosive interaction of a condensed

alkali metal and water due to a leak. The operation of the calorimeter is as

follows: room temperature nitrogen is supplied to the calorimeter cocurrent

with the plasma Jet; the three inner tubes shown in the lower part of the pic-

ture serve first to direct the unheated nitrogen in a way to protect the calor-

imeter from direct contact with the high temperature jet and second to thoroughly

mix the plasma and nitrogen by two turbulence-producing tantalum screens welded

to the center section; finally an array of thermocouples is employed in deter-

mining the average temperatures of the resulting gas mixture diluted to a temp-

erature of approximately 1500°F.

In practice, thermal insulation was placed around the calorimeter shell to

improve accuracy in the calorimetric measurements. Also, an exhaust valve, not

shown here, can be secured to the end of the calorimeter and make it possible to

vary the back pressure - thus providing means of simulating the generator back

pressure which the nozzles will experience in generator tests and thereby accur-

atelyreproducing the enthalpy of the generator driving Jets.
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A preliminary operational check was performed with the gas dilution calorimeter.

Its performance was very satisfactory from the standpoint of both structural

capability and thorough mixing of gas streams. A typical result indicated a

conversion efficiency of the arc heater and nozzle combination of 63 per cent

for an input power of 20 kw. In this case, the mean argon jet temperature of

5300°F was subsequently reduced to 1500°F by dilution of the argon with nitrogen.
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3.3 Generator Operating Characteristics and Test Results

3.3.1 Outline of Generator Tests A brief resume of those generator tests

which were conducted specifically for the generation of power are indicated in

tabular form below:

Seed: CsOH

No. of Nozzles: 1

Sidewall Insulator: MgO

Remarks:

Table 3-1

Outline of Generator Tests

Test No. 1

A water cooled arc heater electrode failed prior to seed

injection. Resulting leakage of water through the hot

generator destroyed the internal ceramic components of

the generator.

Seed:

No. of Nozzles •

Sidewall Insulator :

Remarks :

Test No. 2

CsOH

1

MgO

A combination of low plasma conductivity (the gas temperature

was reduced by the aqueous seed solution, accldental_y sup-

plied at an excessive rate) and ground short on the inner-

electrode/exhaust tubes prevented any significant net power

conversion. The shorts were caused by deposits of graphite

between the exhaust tubes and the magnet iron core. Leakage

of gasover the exterior surfaces of the flanged end of the

exhaust tubes (which were not protected with a tungsten

coating as were the electrode surfaces) and subsequent

erosion of the graphite was responsible for the deposits.
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Seed:

No. of Nozzles:

Sidewall Insulator:

Remarks:

Seed:

No. of Nozzles:

Sidewall Insulator:

Remarks:

Test No. 3

Cs

1

Mg0

An effort was made to correct the two conditions which

led to the reduced power output in the previous test.

The seed consisted of cesium metal, replacing the aqueous

solution of cesium hydroxide. Thus higher plasma tempera-

tures (and hence conductivity) were achieved at the same

cesium to argon mole fraction and argon flow rates. Addi-

tional benefits which accrued from the change in seed sub-

stance included a fair degree of independence of plasma

temperature to seeding rate (in the range of optimum seed-

ing) and a marked reduction in erosion of the refractory

metal components of the generator. An attempt to prevent

leakage past the exhaust tube flanges by eliminating leak-

age paths downstream (where the seal problem is less severe

due to lower temperatures) was only partially successful.

The new seals were effective; however, the graphite exhaust

tubes ruptured and thereby provided a new leakage path.

Erosion and deposition of graphite occurred subsequently to

provide a shorted generator output as in the previous test.

Test No. 4

Cs

2

Sr0 •Zr0 2

The objectives of this test included the substitution of

strontium zirconate for the magnesium oxide sidewall elec-

trical insulators to reduce the volatile loss of insulator

material. Two jets were employed to minimize the effects

of turbulence in the vortex flow (by an increase in the

u/v ratio). And finally more elaborate measures were taken

to prevent the type of ground-shorted generator output

which occurred in the two previous runs. These consisted
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of adding a tungsten coating to the external surfaces of

the graphite exhaust tubes and fastening thin tantalum

disks to the rear surfaces of the tube flanges. The disks

extended a short radial distance beyond the inner electrode

flange and were secured between the zirconla and strontium

zirconate sidewalls. Thus the minor gas leakage which had

been so instrumental in eroding the exhaust tubes and

thereby establishing a ground short was considerably mini-

mized by the new set of seals as well as the ones installed

for Test 3.

This test was interrupted by a thermal overload device

which shut off one of the two arc heater power supplies

because of a high laboratory ambient temperature. The

power interruption occurred before achieving the plasma

enthalpy required for reasonable conductivity and hence

power output. Subsequently, inspection of the graphite

exhaust tube revealed that significant erosion and ground

shorting there would rule out another test. It was appar-

ent after disassembling the generator that the exhaust

tubes were the only components to suffer erosion.

3.3.2 Test Procedures A typical test procedure was programed in the

following sequence :

a) With the generator assembly, installation, and connections completed,

the experiment was enclosed under a hood to _revent noxious fumes from

contaminating the laboratory.

b) Instrumentation was allowed to warm up and then calibrated.

c) Arc heater and generator cooling systems were put into operation.

d) The generator "warm up" sequence was initiated. It consisted of a

gradual increase of argon flow and arc heater power for a two to three

minute period to eliminate thermal shock of the ceramic insulators.

e) All supply conditions were maintained constant while the sidewall

shorting resistance was monitored as a function of temperature until

the generator achieved thermal equilibrium.

6O



f) The magnetic field was applied.

g) Seeding was then initiated, with the rate slo_tly increased to near

optimum, i.e., whenthe generator output was maximum.

h) A generator load curve was determined and all other data not automati-

cally recorded were noted.

i) The seed rate and magnetic field were reduced to zero and the sidewall
resistance vs. wall temperature measurementrepeated to determine

deterioration or other changes in the wall conditions during the pre-

ceding steps.

j) Other test objectives were then attempted.
k) A shut-down sequence of two to three minutes was then provided to

eliminate thermal shock of the ceramic insulators.

The generator was then carefully removedfrom the electromagnet assembly and

disassembled. Attention was given to the condition of the various components
in an effort to discover additional information concerning their individual

and collective performance.

3.3-3 Mechanical Performance of the Generator The design of the experi-

mental model of the vortex MHD generator appeared to be satisfactory in most

respects. Very little development of the model was required during the course

of the program. The only significant change required was concerned with the

reduction of gas leaking past the exterior shrfaces of the exhaust tubes. The

inherent flexibility of the model for both geometric changes and material sub-

stitutions which was an initial design goal appeared to have been met.

It was unfortunate that assembly time and test preparation was so lengtly as

to limit the number of generator tests. However, the generator and instrumenta-

tion performance and reliability depended to a great extent upon the careful

attention to details. To an extent, this is evidenced by the fact that no

damage or deterioration was incurred by the basic structural elements of the

generator. Of course, the expendable components, e.g. the electrode assemblies

and ceramic sidewalls, suffered deterioration as expected.

A few specific comments regarding the individual components are in order at

this point.
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Water-cooled nozzles: Some difficulty was anticipated in machining the deep

water cooling passages and interior contours of the copper nozzles. However,

by the use of electrical discharge machining (EDM) no problems materialized.

The nozzles operated satisfactorily, i.e. with no burnout or deterioration

during operation at maximum arc heater input power of 60 KW or with secondary

argon/seed injection. Water flow and pressure drop in the coolant passages

were both moderate under the most severe heat transfer conditions imposed.

Tungsten Nozzle Extension: The tungsten nozzle extensions performed satisfac-

torily without forced cooling except when water containing seed solutions were

used. Erosion then changed significantl_ the throat dimensions (.500" x .133")

within a few minutes. No dimensional changes occurred with the pure cesium

seed. The internal contours of these nozzles, consisting of convergent-to-

constant area passages of rectangular cross section, were also machined by the

EDMprocess.

Outer-Electrode Assemblies: These assemblies consisted of split tungsten rings

(rolled and sintered) to which tantalum electrical lead straps were resistance

welded. The tantalum-to-tungsten welds, although a considerable improvement

over tungsten-to-tungsten welds, were structurally weak and not extremely

reliable. Reliability was improved to the necessary extent by the use of mul-

tiple welds, usually six to eight per strap. An occasional crack developed

in the tungsten rings but their occurrence was always related to having the heat

affected zones of adjacent resistance welds overlie each other. In no case,

however, did loss of electrical continuity to the electrodes occur, and this

was the result of employing multiple tantalum straps.

Ceramic Sidewalls: The ceramic sidewalls included two .25" thick electrically-

insulating disks adjacent to the plasma vortex flow and two .25" zirconium oxide

disks for thermal insulation. The generator geometry is such that material

substitutions and changes in total insulator thickness (to a maximum of .5" per

side) are easily accommodated. Thus when a replacement for the MgO electrical

insulators was indicated, due to severe erosion, strontium zirconate disks,

suitably sized with regard to their coefficients of thermal expansion, were

employed without requiring dimensional changes in the other generator components.

The zirconium oxide disks performed without any evident sign of deterioration.
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However, it was necessary to destroy at least one of the palr for disassembly

purposes.

Inner-Electrode/Exhaust Tubes : The major component performance problem _s

presented by the integral inner-electrode/exhaust tubes. As discussed previous-

ly, the plasma which leaked out from the vortex cavity and past the outer sur-

faces of the flanged ends of the tubes eroded the unprotected graphite and

subsequently deposited it in a region of lower temperature. These deposits

were electrically conducting and shorted the generator output by grounding the

normally insulated exhaust tubes to the adjacent magnet iron cores and pole

caps. Constructional changes in the last test, reviewed in section 3.3.1,

were effective only temporarily in preventing a recurrence of the aforementioned

problem. The inability to apply a sound tungsten coating over the entire inner

surfaces of the graphite tubes led to premature tube failure. Exhaust tubes

made entirely of refractory metals thus appear to be necessary for adequate

test periods.

The plasma sprayed tungsten coatings applied to the graphite tubes were success-

ful in adherence to the graphite substrate and were able to prevent erosion in

the immediate region of the coating.

Frame: The frame served as a basic support structure for the other generator

components and in addition was double _alle_ to provide cooling (air blast

cooling) in the region of the outer electrode. The material, 310 series stain-

less steel, was selected primarily on the basis of its relatively high scaling

temperature. Other requirements of the frame, such as gas sealing and the

absence of distortion or local melting, were satisfied in all tests.

Generator Internal Instrumentation: The internal instrumentation consisted of

pressure and temperature (thermocouple) readouts. Nozzle upstream static

pressures were determined by conventional ports located at the extreme upstream

end of th_ copper nozzles. Nozzle downstream (exhaust plane) static pressures

were transferred out of the generator by molybdenum tubes (.040" O.D. x .024 i.d.)

with ends terminated adjacent to the tungsten nozzle extention in the nozzle

exhaust plane.
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Thermocouples were located at the outer and inner electrodes, the ceramic inter-

faces, the inner surface of the soft iron sidecovers, and the inner surface of

frame. The location of these thermocouples is indicated in Figure 3-1 by

reference to the bracketed numbers.

Numbers i and 2 are chromel/alumel couples which were spot welded into small

grooves machined into the internal surface of the generator frame in the plane

of symmetry. The grooves, as well as copper cement which was applied over the

couple hot junctions, served to establish the junctions at the temperatures of

the inside surface.

Numbers 3 and 4 are W-W/.26 Re couples reslstance-welded to the outer surface

of the tungsten electrode in the plane of symmetry. These particular couples

were radiation shielded by single strips of tantalum also reslstance-welded to

the electrode in the vicinity of the couple hot junctions. Welding difficulties

were experienced initially with the assembly of these couples, specifically the

tungsten-to-tungsten welds at the electrode and at the extension wire connec-

tions. The latter problem was overcome by the use of platinum foil interlayers

and the former by shaping one of the welder electrodes to encompass almost

entirely the tungsten wire of the couple.

Numbers 5 through l0 establish a radial and axial array of temperatures in the

assembly of sidewall components. Numbers 5, 6, and 7 are C/A couples located

at the interface of the electrical and thermal insulators. These particular

couples were prone to failure because of exposure to the plasma, a condition

permitted only by prior failure of the electrical insulator. Numbers 8, 9 and

l0 are C/A couples fastened to the inside surface of the soft iron sidecover

in a manner similar to Numbers 1 and 2.

The inner electrodes contain W-W/.26 Re couples, Numbers ll and 12, which were

cemented by a .,magnesium oxide compound into the _o_aphite flanges of the exhaust

tubes just beneath the tungsten layer/electrode surface.

External Cooling Systems: In addition to the copper-nozzle cooling which has

been discussed already, the generator is provided with four separately controlled

air blast cooling systems. Two are located internally for control of radial

and electrode heat transfer; the other two control the axial flow of heat from

\
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the generator. In the latter systems, air is forced to flow radially outward
over the soft iron sidecovers and is confined to spaces of .040 inch axial

depth per side between the sidecovers and the magnet pole caps. The depths

of these passagesare maintained by very narrow radial ribs on the surfaces

of the pole caps.

3.3.4 Materials Performance The performance of materials in the genera-

tor tests are summarized in Table 3-2. Erosion, including chemical attack

and volatilization was the primary mode of failure in some cases, as suggested

by the discussion of Section 4.2. Tungsten was very rapidly degraded in the

presence of water vapor supplied with the cesium hydroxide seed solutions.

Magnesium oxide volatilized quite rapidly at the high temperatures of genera-

tor operation. The graphite was readily attacked by both of the seed

substances employed.

In the presence of a cesium seeded argon plasma, both the tungsten components

and the strontium zirconate electrical insulators appeared to have withstood

erosion effects. The strontium zirconate did exhibit radial cracks which

were contained so well however that the functional performance of the insulators

was not diminished. Radial cracks have been a general characteristic of almost

all of the ceramic sidewalls employed in the generator tests. These cracks

most likely have been due to excessive thermally induced stresses. Both steady-

state and transient thermal stresses have been evaluated for the conditions

of the laboratory operation of the generator. The stress analysis for asym-

metrical plate cooling and for radial temperature gradients are described

below. It appears that excessive radial temperature gradients were responsible

for the radial cracks.

The maximum allowable temperature difference between the plasma and sidewall

can be estimated on the basis of the following relation for asymmetrical

sidewall cooling.
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A_ x S(l-# )= _E
= 1.5R +

2.4_R'

bh
(Reference lO)

where S = stress

J/= Poisson ratio

= coefficient of expansion

E = modulus of elasticity

_= coefficient of thermal conductivity

b = plate thickness

h = heat transfer film coefficient

The property values of ThO 2 are assumed since it is known to be more shock

sensitive than either MgO or SrO.ZrO 2 and the property values of the strontium

zirconate are not yet completely determined. Thus for ThO 2 at IO00°C the

values of R and R' are 70°C and 0.5 cal sec "I cm-i/°c respectively (Reference

i0) and the values of b = 0.63 cm and #L = 10-2 watt sec -I cm-2/°C representa-

tive of the generator experiments indicate a ATma x = 980°C. Hence generator

cooling and heating rates (heating may be shown to be a less severe condition)

were controlled so that the plasma temperature and the time dependent temper-

ature of the ceramic sidewall did not provide a difference in excess of the

maximum allowable. This resulted in generator startup and shut down periods of

approximately three minutes each and surface spallingof the ceramics was

avoided entirely.

The possible existance of substantial stresses due to radial temperature gradi-

ents in the ceramic sidewalls was revealed by inspection of the two-dimensional

stress relations for a disc (Reference ll):

_r = -GE • --2rl Tr dr + i _y2E CI (i +121) - C2 (i-_) r

r

r

_8=O E . i I E-_ Tr dr - GET +
r i _#2

a

[ l]cI (i+_) + c2 (i-_)

where CI and C2 are integration constants determined by the appropriate boundary

conditions. The most severe stress condition appeared to be an azimuthal
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component of tensile stress at the disc inner radius. Assuming that the radial

temperature gradient of the generator ceramic sidewall was a linear function of

radius and approximately equal to 100 C°/cm, and property values for MgO at

2300°F ((_ = 7.7 x IO-6/°F, E = 4 x 106 , Reference 12), we find the calculated

stress to equal the tensile strength, 6000 psi, of MgO. This type of stress

failure thus offers a reasonable explanation for the existance of the ceramic

sidewall radial cracks mentioned previously.

3.3.5 Heat Transfer and Thermal Distribution The limited scope of the

experimental phase of the generator study imposed severe restrictions with re-

spect to the correlation of component performance and analysis. At best, there-

fore, the tests can give only a crude comparison between actual performance and

theory. Since a wide discrepancy between theory and performance can be attribut-

ed to many unknowns, such as the actual heat transfer film coefficient and thermal

conduction coefficients of the ceramic sidewalls, a good correlation between

theory and tests for a few test points does not necessarily imply that the theory

is adequate. A considerably more extensive approach would be necessary. The

use of thermocouples both at the interface of the ceramic sidewalls and at the

interior surfaces of the generator frame and soft iron sidewalls were intended

to improve the accuracy of correlation. However, failure of the interface thermo-

couples (or their extension wire connections) prior to the establishment of

thermal equilibrium conditions permits only a crude comparison of the measured

and predicted heat transfer rates. Nevertheless this comparison will be dis-

cussed; it will be based on the data from Test No. 3 for which the thermal data

is most complete.

The temperature-time profile of this test is illustrated in Figure 3-6 and other

data is included in Table 3-3.

By application of the heat transfer design equations, described in Section 3.1,

to the analysis of conditions in the region of the outer electrode, one finds a

mean thermal conductivity of 0.023 _att/cm °C for the zirconia powder insulation

between the outer electrode and generator frame. This is compared with the value

of 0.013 watt/cm °C originally assumed on the basis that its thermal conductivity

would be approximately that of the solid high density forms of zirconia. The

nature of this particular grade of zlrconia is such that a value of conductivity

approaching the larger of the two values above could well be expected if the
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density of packing did not approach that of the high density (350 ib/ft 3)

solid zirconia.

Table 3-3

Data-Test No. 3

(at Thermal Equilibrium)

-1
W = 12.9 gm sec
argon

P (Cs) = 0.0185

Arc Jet Power = 38 kw

O

Po = 30 psig

Telectrode - outer

Telectrode - inner

T
cylindrical frame

Tsoft iron sidewall =

= 3300°F (2100°K)

= Lx)OO°F (1870°K)

= 789°F (690°K)

800°F (700 °K)

Po = 16 psig

Left slde

Right side

First half radial cooling

Second half radial cooling

Air Blast Cooling:

Temperature Heat

Wair 1 Rise Transfer

(gmsec") (°F) (kw)

27 160 2.41

27 130 1.96

8.6 12o .576

8.6 155 .745

The adiabatic wall temperature, in the absence of direct calorimetric measure-

ments, m_st be inferred from the measured electrode temperature and the heat

transfer film coefficient analysis. At a film coefficient, estimated to be

0.0302 watt/cm 2 C °, the adiabatic wall temperature is 3190°K. This value can

be employed next in a calculation for sidewall heat transfer. Under the condi-

tions of test, the calculated mean film coefficient at the sidewalls is 0.0156

watt/cm 2 C °. Assuming a mean thermal conductivity of 0.013 and 0.0755 watt cm/'C

forM gO and ZrO 2 respectively, the calculated total heat transfer to the soft

iron sidewalls at 700°K is 2.47 kw. The measured value of 4.37 kw is thus sub-

stantially greater. If the thernB1 conductivity of ZrO 2 is actually closer to

the 0.023 watt cm/°C value indicated for the powder form, then the calculated

total sidewall heat transfer is 2.99 kw. The remaining discrepancy is considered

to be primarily due to an underestimation of the gas film coefficient.
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The most important requirements for better heat transfer prediction are thus
seen to be the need for additional knowledge of the property values of the

thermal insulation (zirconia) and improvements in the analysis of the gas film

coefficient.

3.3.6 Thermodynamic Performance The most disappointing aspect of the

generator tests was the inability of the two tests (Nos. 2 and 3) not aborted

by commercial equipment failures to produce a significant net power output.

Measurements of the generator internal impedance during these tests explain

this situation, however. The value of interelectrode resistance was approxi-

mately 40 ohms when the generator achieved its operating temperature but before

the injection of seed material. During the course of establishing the desired

seed flow rate, the graphite exhaust tubes were eroded by the seeded argon at

an extremely rapid rate and subsequently graphite deposits were built up be-

tween the tubes and the magnet core. This action provided a very effective

internal shorting impedance of approximately O.O1 ohm which shunted the actual

generator output. The magnitude of this impedance was so small with respect

to the impedance of the plasma in the vortex cavity that an analysis of the

magnetohydrodynamic performance of the generator was impractical.

The generator tests were also intended to provide a check on the possibility of

magnetic damping of turbulence. This phenomenon was also obscured by the condi-

tion of shorting since the open circuit vortex pressure distribution must be

analyzed to determine the extent of magnetic damping. The extent of this effect

however was expected to be very small. To show this, note that the ratio of the

dissipation due to eddy currents to the dissipation due to viscosity, as derived

in Reference 13, is given by

Dj/_:o(2.5x lO-5oBRL_)

Thus not until the Hartmann number based on the effective shearing length (_ L)

of the generator approaches the order of 200, would one expect that the turbu-

lence would begin to differ markedly from its usual form. Under the conditions

of the present tests with s = 40 mhos/m,/*_ = 8 x l0 -5 newton sec./m R, and B =

0.6 weber/m R , this departure from ordinary turbulence takes place when the ef-

fective depth of the vortex cavity becomes of the order of 3 cm, about twice the

depth of the present generator.
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3.3.7 Hall Effects and None_uilibrium Ionization Vortex MHD generators

may be constrained so as to minimize the degrading Hall effects. The general-

ized 0hm's law as applied to the vortex generator shows that the flow direction

and the magnetic field can be oriented relative to one another in such a way

that the Hall potential due to the tangential velocity can actually be used to

reduce the azimuthal "ring" currents, while the Hall potential due to the

radial velocity can be made to enhance the radial flow of current. Thus the

usual reduction in effective conductivity due to Hall effects can be minimized.

To explain this, consider the expression for radial and azimuthal current:

[ ]

Jr= l+_(_T) 2 [Er+VB+ (_)ulBi ] (i)

iS= _ [-uB+(_T) + _I (2)1 + (_)2 (Er vB) B

If, for example, the azimuthal current can be made to vanish by imposing the

condition

uB = (_T)(E r + vB) (3)

then the expression for radial current becomes simply

Jr = q(Er + vB) (4)

without the usual reduction in effective conductivity at significant (u_T) typical

of linear MHD generators with continuous electrodes.

The above condition (Equation 3) may also be written in the form

u/v = (_r)(1- K) (5)

where K--= -EJvB is the local generator coefficient. This condition, as well as

the expression for power density in the MHD generator, namely

P/V = _eff. (vB)2(1 - K)K

must be considered with respect to the overall generator performance. It is

instructive therefore to determine what maximum value of (_I") can be effectively
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utilized by the vortex MHDgenerator for probable ranges of u/v and K. The

ratio u/v must be large enoughto reduce the effects of turbulence and yet not

contribute significantly to the loss of kinetic energy due to the radial veloc-
ity. This range is of the order of l0 -2 to 1/3 where the latter corresponds to

a ten per cent loss of kinetic energy. The range of K will be from 0.5 for an

open cycle application of short duration (where the fuel weight is a relatively

small part of the total system weight) to 0.95 for an application in which

generator conversion efficiency is a determining factor.

For example then if we let u/v = 1/3 and K = 0.8, a value of _i _= u/v 1.7
1.K =

may be employed with complete cancellation of all azimuthal currents. Were it

not for the suppression of azimuthal Hall current by the normal "ring" current

produced by the radial component of velocity, the generator power density would

be reduced by (1- 1 ) 100% = 74.5,.
i + 2

This mode Of operation (which satisfies the condition of Equation 3) also re-

quires that the radial mass and current flow directions must be identical. Thus

the electrode adjacent to the exhaust gases serves as a cathode or electron

emitter. Since this is the cooler of the two electrodes, thermionic emission

limitations must be given consideration if sheath losses due to field-induced

emission are to be avoided.

It is quite likely that thermionic emission from tungsten, which has field-free

vacuum emission of 14.2 a/cm 2 at 3000°K and 233 a/cm 2 at 3500°K, will be ade-

quate for open cycle generator applications. Enhanced emission rates, due to

adsorbed cesium atoms on the tungsten surface, does not appear to offer much

improvement compared with the vacuum emission rates because of the rapid boil

off of the cesium surface film at high tungsten temperature. Even at lower sur-

face temperatures, the cesium flux rates corresponding to the conditions of the

lO 18present experiment or the example of Section 6.3 (typically 6 x and 1.3 x

lO 20 atoms sec -1 cm-2 respectively) are insufficient to provide emission exceed-

ing a calculated 4 a/cm 2, based on the analysis and experiments of Reference 14.

The results of the present generator tests do not permit an adequate test of the

Hall effect or cathode emission analysis above. However, the example of com-

puter calculated power output, Table 6-2, does indicate the very strong improve-

ment in power density which results when the direction of radial current and flow

are properly oriented.
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Operation in the regime of high _?_ is not necessarily an objective with com-

bustion plasmas inasmuch as they are unlikely to produce significant electron

heating and consequently non-thermal ionization. Monatomic gas plasmas on the

other hand do not exhibit the characteristically high electron collision energy

loss factors of combustion plasmas and, therefore, may prove suitable for

closed cycle power generation at moderate temperature levels. However, the

large values of _T required for substantial electron heating, 15 on the order

of four or more, would require excessive u/v ratios in a vortex generator un-

less load coefficients of approximately K = 0.9 or more are acceptable. It

remains to be seen whether the intrinsically high generator efficiency and low

power density associated with such values of K can be Justified for long term

power applications. It is also unclear whether a segmented electrode linear

MHD channel which is theoretically capable of complete Hall current suppression

could operate effectively, i.e., without eddy current losses due to non-uniform

flow, 16 at very high _T values.

Electron heating could not be expected to be significant in the present generator

tests which employed monatomic plasmas, even assuming that the plasmas were com-

pletely free from contamination. The ratio of electron temperature to neutral

gas particle temperature can be estimated on the basis of the following equation

(Equation 9 of Reference 15):

where

Te 1 + _ (I K) 2 (W_)2 M-_2
_- -- 1 + (_)2 %2 (6)

= mean electron loss factor =
_i _i_i _C-_iQei _i.)

• i\ _i

Ni Qei
i

%i

_lO ° for monatomic molecules, ~ i01 to 103 for diatomic and polyatomic

molecules, a correction factor which accounts for possible inelastic

collisions, deviations from a Maxwellian distribution, and a non-

constant collision frequency.

= mole fraction of i-th species.
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Thus the maximumvalue of the electron temperature elevation expected in the

present tests was only four per cent, calculated on the basis of _T-- 0.5,

K = 0.5, M = 0.9, /= 5/3, and _ = 0.52.
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4.0 INVESTIGATION OF VORTEX GENERATOR SYST}_4 RELIABILITY AND MATERIALS LIFETIME

4.1 Vortex MHD Generator System Reliability A first attempt has been

made at estimating the anticipated reliability of an open cycle MHD space power

system. Unfortunately this task is not as straightforward as the prediction of

reliability for electronic systems, for which a wealth of data is available on

failure rates in terms of component electrical loading, ambient temperature, etc.

Caution and Judgment m_st be used in the case of an MHDpower system since the

corresponding failure-rate data of critical components is not available simply

because a sufficiently large number of such devices have not been tested to war-

rent the tabulation of the requisite data.

Theapproach to the problem has been simply to use the available failure rate

data for "non-MHD" system components (e.g., fUel tanks, valves, regulators, etc.)

and to treat separately those system components which are of an "MHD nature".

These latter components have been considered by estimating their "wear out"

time, based on erosion rate and evaporative loss calculations. Under the

assumption that the shortest wear out time is the limiting factor for the MHD

power system (that is, the most rapidly degrading component defines an upper

limit to the duration of power), one may attempt to calculate the total system

reliability for a mission of duration substantially less than this wear out

time. In this approach one essentially acknowledges the fact that at some time

the MHD system will no longer produce power or will produce power below an

acceptable output level, but assumes that the high temperature MHD components

will degrade (or "fail") at a predictable rate, rather than because of random

or chance failures.

An example will serve to illustrate the method. Consider the simplified MHD

space power system shown in Figure 4-1. Failure rate data is available for all

the components shown except, of course, for component 8, the MHD generator.

Reliability data for conventional insulators show such low failure rates that

their minute effect will be neglected in the following computation. The insu-

lators will instead be considered to be "MHD components" subject to wear-out

rather than to chance failure. The only redundancy postulated is in components

3 and 6, the explosive valves and igniters, respectively, which is Justified

because of their relatively light weight. We assume that the system is designed
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to run until the entire fuel inventory is expended, which will arbitrarily be

taken to be one hour. Table 4-1 lists the mean generic failure rates; also
.

listed is a factor GFr which included the redundancy in the exploslve-actuated

devices. The reliability calculation assumes a dormancy-type power mission such

that electrical power is required in a vehicle some time after orbit has been

established; the effects of launch and orbital dormancy are neglected. In

principle the launch and "waiting" reliabilities could be calculated, but since

the power system is inoperative during these phases, these reliabilities may be

expected to be relatively high.

The computation proceeds by assuming an application factor, KA, equal to unity

for all components, and an operating mode factor, Kop , of two, corresponding to

orbital operation. Where two of the same component are employed, this is included

in the calculation of the component adjusted failure rate, Fr. The system mean-

time-to-failure ts Is next calculated (ts = 106/_Fr ) and finally the system re-
_-t/ts .

liability, Rs = _ _exclusive of the generator itself) for a one hour mission.

The resulting "reliability" level could be raised even further by using the lower

extreme values of available failure rate data. This would be an interesting

exercise at best, and would have little practical significance. The calculation

carried through above yields an interesting reliability, but at an undefined

confidence level. In essence the result obtained indicates that the incorpora-

tion of an MHD converter into a space power system should not introduce any a

priori obstacles to reliability, as far as the accessory systems are concerned.

Still to be resolved, however, is the matter of the "wear out time" of the MHD

converter itself. This determination is no routine task, since the time for

appreciable component degradation depends upon such a variety of factors in-

cluding operating temperature, degree of generator cooling (efficiency), specific

propellants selected, etc., all of which in turn directly influence the choice

of materials for use in the _ converter. Ideally, of course, the wear out

time determination should be the result of experimental testing, indeed of a

number of consistent test results so that a confidence level can be defined.

This effort appears premature at present, however, in that the current state of

the art is such that basic exploratory work is still required with a variety of

propellant and materials combinations. Furthermore, contractual efforts with

the vortex geometry were of a somewhat more fundamental nature and sought to
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Table 4-i

Reliability Parameters

I

I
I

I
I

No. Name

i Helium Storage Tank

2 Tank, Small, High Pressure

3 Explosive Valve

4 Pressure Regulator

5 Relay, Time Delay

6 Explosive Igniter

7 Combustor

8 MHD Converter

9 Magnet

lO Wire Termination,

Between Equipment

GFr_(Mean$ Eel. GFr* K K N F

1 0.07 1 2 i 0.14 I0.07

0.08 1 0.08 1 2 2 0.32

i in 104 2 "0.01" i 2 2 0.04 I

2.14 1 2.14 1 2 2 8.56 •

|
o.39/cs 1 o.39t 1 2 1 0.78

i in 104 2 "0.01" i 2 2 0.04 I

1.78 3 1.78 1 2 i 3.56
am

5.65 I 5.65 i 2 i 11.30 I
am

0.05 1 0.05 1 2 1 0.10

!
IEFr = 24.84

Fr = GFr K K.N
opA

t s = 106/_Fr

-t/t s
RS = e

one contact set

ts= 106/24.84 I
t 24.84 lO 6)

Rs= 1 m_ _--1 " 1--70 = 1 -- (24.84x

i.00000000

.00002486

= - 0.99997514

I

I

I
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establish the performance characteristics of the vortex conversion concept. To

this end the experimentation reported used arc-heated argon to power the vortex

prototypes which resulted in an experimentally convenient input-energy source

whose mass flow, velocity, and temperature could be varied as required. The

experimental determination of the wear out time, employing fuels which might

logically be used in an open-cycle system, thus was deferred.

Wear out time estimates, for the present at least, must be the result of less

direct efforts. One may employ erosion rate data from a variety of sources,

including MHD experimentation, rocket nozzle data, etc. or one may attempt to

compute the erosion rates of potentially attractive materials under several con-

ditions. An attempt has been made to estimate the wear out time of several

critical components in an MHD power generator. The results are given in the

following subsection.

The reliability calculation carried through for the MHD space power system con-

cerned only the accessory system components and not the MHD converter itself.

The computation tacitly assumed that the components considered were subject to

chance or random failure and that an exponential failure distribution consequently

applied. Since the MHD converter components, specifically the electrodes and

insulators, are subject to wear out rather than to chance failure, the same

methods of computing their reliability cannot be generaS_Ij employed, even if the

wear out times are known, since the same failure distribution does not apply.

The calculation of the reliability of an MHD converter would require a more

sophisticated approach. The applicable distribution (presumably either normal

or Lognormal) would have to be determined before the computation could be made.

This level of reliability analysis was considered to be beyond the scope of the

present effort and somewhat premature, in view of the avBilability only of cal-

culated wear out times unsupported experimentally.

4.2 Vortex Generator Materials Lifetime The erosion degradation of

critical components of an open cycle MHD power generator may occur in amy or all

of three ways: thermal, chemical, or mechanical. The first of these, thermal

erosion, refers to the melting or sublimation of electrodes and insulators.

This mechanism may essentially be eliminated by the selection of materials with

sufficiently high melting or sublimation temperatures and the operation of these

8O



materials at temperatures such that these processes are minimized resorting to

componentcooling, if necessary.

The second mechanism,chemical erosion, usually implies oxidation of components

but in a more general sense refers to all the possible chemical reactions which

maytake place at high temperature between the reaction products of the seeded

combustion gas and the generator components. The last effect, caused by the

erosive or abrasive action of the high velocity gas particles, constitutes what

may be termed mechanical erosion. There would appear to be no completely satis-

factory theory by which the extent of this type of material degradation can be

computed; in most cases the approach has been experimental. Erosive mass loss

has been measuredfor rocket nozzles of various materials for a variety of pro-

pellants. Unfortunately this type of experimentation does not allow the separate

determination of thermal, chemical, or mechanical erosion; only the gross com-
bined effect is measured.

The following study will be concerned primarily with the action of chemical

erosion upon the electrodes and electrical insulators of an open-cycle MHDgener-

ator driven with a cesium-seeded cyanogen-oxygencombustion process. However,
the approach is general and maybe applied to other working fluids. The approach

will be to estimate the magnitude of the controlling chemical reactions and thus

to attempt an approximation of component lifetimes. The mechanical erosion

effect will not be considered as such, but a masstransfer rate will be calcu-

lated and comparedwith the results obtained assuming vacuumevaporation. This

mass transfer coefficient will include manyof the properties of the high velo-
city plasma stream. It is felt that this mass loss mechanismconstitutes a more

realistic model for estimating componenterosion rates than is afforded by the

assumption of vacuumevaporation.

Electrode Erosion The degradation of electrodes for an open cycle MHD

power generator will be considered first. For sufficient thermionic emission

for the generator power range under consideration, electron current density

capabilities ranging from about I to i00 amperes/cm 2 are required. These high

values of current density in turn necessitate high temperature operation of the

electron emitter. Tungsten has therefore been selected as a first choice for an

electrode material, providing in excess of one ampere/cm 2 at 2700°K to more than

I00 amperes/cm 2 at 3400°K. These values are for pure (undoped) tungsten
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electrodes under conditions of vacuum emission; experimental evidence indicates

that even higher current densities may be expected under conditions likely to

be found in practical generators.

Operation of tungsten electrodes at temperatures of 2500°K and higher results

in sufficient tungsten vapor pressure so that some electrode mass will be lost

by evaporation. The loss rate by this mechanism is a strong function of the

electrode temperature and whether the effect will become critical will depend

upon the particular loss rate and the electrode lifetime required.

A first approach to this problem is to calculate the evaporative mass loss of

tungsten electrodes on the basis of evaporation into vacuum. This has been

done before (4) and the results are repeated here for purposes of completeness

and comparison. Table 4-2 shows some of the characteristics of tungsten elec-

trodes at several temperatures in the range of interest. The mass loss rates

were calculated from the equation

m=P 2__R T ,

where m is the mass loss (gm/cm 2 sec)

p is the vapor pressure (dyne/cm 2)

R is the gas constant (ergs/mole °C)

_?tis the molecular weight (of the evaporating material)

T is the absolute temperature (°K)

(l)

Also shown are the calculated surface depletion rates (m x time/tungsten density)

in mm eroded per lO0 hours.

Table 4-2

Characteristics of Tungsten Electrodes

Temperature (°K) Thermionic Vacuum Vapor Pressure Vacuum Evapor- Surface Deple-

Emission (dynes/cm 2) ation Bate tion Rate

Current Density (Ref. 5) (g_cm _ see) (_i00 hours)

(amperes/cm _)

(Ref. 5)

I

I
I

25OO

275O

3OOO

325O

35oo"

0.3 1.33 x lO"4 1.58 x lO-9 2.94 x lO"4

2.5 5.35 x lO"3 6.06 x i0 "8 1.13 x lO"2

14.0 1.33 x lO"l 1.44 x lO "6 2.68 x lO"l

63.0 1.33 1.39 x lO -5 2.59

233.0 12.0 1.20 x lO "4 22.3
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The calculation of electrode mass loss on the basis of vacuum evaporation is

only one approach to the problem. So-called "similarity relations for mass

transfer" (6) were employed next to calculate the loss rate of tungsten elec-

trodes as tungsten diffused into the plasma stream. The following plasma char-

acteristics were assumed:

Viscosity: /_ = 1.25 x 10-3 g_cm sec.

Density: F = 7.2R x 10-5 gm/c_

Velocity: u = 9.55 x 104 cm/sec.

Thermal Conductivity: _ = 1.985 x 104 ergs/cm sec °K

Prandtl Number: Pr = 0.83

Temperature: T = 4020 °K

Heat Capacity: Cp = 5.09 x 108 ergs/mole °K

Molecular Weight: _ = 38.5 gm/mole

The Reynolds number was calculated for flow over the length of an electrode of

5 cm radius (_-- R_r = lOt era):

Re =_--_ = 173,000

A

Laminar flow was consequently assumed. The average mass transfer coefficient

"_D was calculated from the Lewis relation,

--_ p

where Nu = 0.664 (Pr) I/3 (Re)I/R,

is the film heat transfer coefficient

c' is the heat capacity per unit volume at constant pressure.
P

For the present case Pr = 0.83 and (Pr)I/3 = 0.939; for Re = 173,000, (Re)I/2 =

416, so that

I
I

I
I
I

I
I

I
I

I

I
I
I

Hu _-(0.664)(o.939)(416)--259 I

Consequently_ = Nu (_/_) = 16.35 x 104 ergs/cm R sec °K and

_D - _, - _ - 171 cm/sec. I

83



I
I

I
I

I

I
I

I
I

I
I

I
I

I
I

I

I
I

I

Having calculated an average mass transfer coefficient, the tungsten mass loss

may be determined from the relation

where

4_D
m = _ _p (3)

W

m is the mass loss rate (g_cm 2 sec),

R is the gas constant (ergs/mole °C),

Tw is the temperature of the evaporating surface (°K)

_p is the pressure difference (dynes/cm 2) between vapor at the surface

and in the stream.

For simplicity, _p is simply taken to be the vapor pressure of tungsten at the

surfact temperature Tw; in an open cycle system there is negligible partial

pressure of tungsten in the stream itself. Tungsten loss and surface depletion

or erosion rates were calculated from equation (3) for the temperatures of

interest. The results are given in Table 4-3. It is interesting to note that

the resulting rates are almost two orders of magnitude less than the rates

based on vacuumevaporation (Table 4-2).

Table 4-3

Tungsten Electrode Mass Transfer Loss

(Diffusion into Plasma Stream)

Temperature (°K) Mass _ss Rate Surface Erosion Rate
(gmlcm sec) (mll00 hours)

2500 2.02 x i0"II 3.76 x 10-6

2750 1.37 x i0"I0 1.37 x 10-4

3000 1.68 x 10-8 3.12 x 10-3

3250 1.55 x 10-7 2.88 x 10-2

3500 1.30 x 10-6 2.41 x I0"I

These mass transfer and vacuum evaporation calculations do not take into con-

sideration possible chemical reactions between the cyanogen-oxygen combustion

products and the tungsten electrodes. The C2N2-02 reaction products will include

(7) N2, CO, C02, and 02 all of which can react with tungsten (8) and the effects

of which should, of course, be thoroughtly investigated in a complete analysis.

However, this presented a task considerably in excess of the scope of the present
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effort in that the simultaneous solution of the governing equilibrium equations

would require machinecomputation. A simple analysis was made, nonetheless, to

estimate the electrode degradation because of tungsten oxidation.

The oxide of tungsten most frequently treated in the literature is the trioxide,

WO3. Onemayexpect someWO3 formation according to the reaction:

2/3w (s)+ o2 = 2/3w03 (g) (4)

for which_G = -50,500 + I0.35T (9)- Knowing the free energy of the reaction

as a function of temperature, the effect of the W03 production and attendant

tungsten mass loss may be calculated over the temperature range of interest.

Since it may be shown that the 02 content in the C2N2-02 combustion products is

quite small, the reaction of equation (4) may be treated separately without a

simultaneous recalculation and adjustment of the partial pressures of the other

constituents of the gas.

Since_G = -RT _n K where K = (Pwo3)2/3/(P02), the partial pressure of the

tungsten trioxide (PW03) may be determined once the partial pressure of the

oxygen (P02) is known. Knowing Pw03, its mass loss rate (and that of the tung-

sten metal) may be calculated on the basis of both diffusion into the plasma

stream (mass transfer) and vacuum evaporation. The calculation of the effect

of the reaction of equation (4) thus began with the estimation of the oxygen

partial pressure in the plasma.

The partial pressures of the major constituents of the C2N2-02 combustion pro-

ducts are known (7) and are given below:

Table 4-4

Partial Pressures of C2N2-02 Combustion Products (Ref. 7)

Pressure = i atmosphere, Temperature = 4520°K

Seeding: 0.i0 initial (precombustion) mole fraction of Cs.

CN: 0.001 atm Cs: 0.040

N2: 0.297 N: 0.005

CO: 0.598 O: 0.002

C: 0.002 e" = Cs+: 0.027
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The 02 content was estimated from a consideration of the reaction

O2 --- 2(0)

for which it was estimated that K _- 4 at 4520°K (i0). Since in this case K =

(pO)2/(po^), (po_) <- (p0)2/4 and assuming (po2) + (po) _ 0.002 atm, we find

that P021 _'lO"6 _m.

Having thus estimated p02, PWO 3 may be computed knowing the free energies at

the particular temperature. The results are presented in Table 4-5.

Table 4-5

WO 3 Partial Pressure from 2/5 W(s) + 02 = 2/5 WOs(g)

Z_G = -50,000 + 10.35T = -RT In K

)2/3/( )
where K = (1%_03 pO 2

and = l0 -6 atm.

P0e

Temperature AG K (PWO3)

(°K) (Kca i/mole ) (dynes/em 2)

2500 -24.6 142. 1.69

2750 -22.0 56.5 0.425

3000 -19.5 26.5 o. 1365

3250 -16.9 13.77 0.0512

55O0 -14.5 7.85 o.022

This information in turn allows the calculation of the WO3 loss rates, either

by mass transfer or vacuum evaporation. The results are listed in Table 4-6.

The vacuum evaporation was computed using equation (1) where _?_was taken to be

the molecular weight of WO3. The mass transfer rate of WO 3 was calculated from

equation (3) with_p equal to the W03 vapor pressure (in dynes/cm 2) given in

Table 4-5; _D' characteristic only of the gas stream, remained the same.

The mass transfer calculation again predicts rates some two orders of magnitude

less than on the basis of vacuum evaporation. The numerical value of the tung-

sten loss rate will be less (by the ratio of the molecular weights)than for the

WO 3 loss. Table 4-7 lists the tungsten loss rates because of W03 formation from
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tungsten-O 2 reaction, plus the surface erosion rates, for both vacuum evapora-

tion and mass transfer.

Table 4-6

Loss Rates of WO_

Vacuum Evaporation Loss by Mass Transfer
Temperature Loss by(gm/cm 2 sec)(°K) (_Icm2 see)

2500 2.26 x 10-5 3.22 x 10-7

2750 5.40 x lO"6 7-35 x lO"8

3000 1.66 x i0-6 2.16 x i0-8

3250 6.0 x lO"7 7.5 x lO"9

3500 2.48 x lO-7 3.0 x lO"9

Table 4-7

Tungsten Electrode Loss by Oxidation

(WO3 Formation from W-O 2 Reaction)

Loss by Vacuum Evaporation Loss by Diffusion into Stream

Temperature Mass LQss Surface Erosion Mass LQss Surface Erosion

(°K) (gmlcm _ sec) (mmllO0 hours) (_mlem z sec) (mmllO0 hours)

2500 1.79 x 10-5 3.33 2.55 x 10-7 4.74 x 10-2

2750 4.28 x l0-6 7.96 x l0-1 5.83 x l0-8 1.08 x l0-2

3000 1.32 x 10-6 2.45 x i0-I 1.72 x 10-8 3.20 x 10-3

3250 4.76 x lO-7 8.85 x l0-2 5.95 x lO-9 l.ll x 10-3

3500 1.97 x 10-7 3.66 x 10-2 2.38 x 10 -9 4.42 x 10-4

It is seen that the mass transfer analysis again yields degradation rates some

two orders of magnitude less than the assumption of vacuum evaporation. The

trends shown in this table indicate a decreasing loss at higher temperatures.

Comparison of Tables 4-2, -3, and -7, however, shows tungsten oxidation to be

the predominant effect at lower temperatures (< 3000°K) and evaporation at

high (> 3000°K).

A number of other possible chemical reactions with tungsten electrodes have

been considered, including reaction with C02, CO, and N2; the last two species

constitute about ninety per cent of the post-combustion gas. (Table 4-4).
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Very little WO 5 formation may be expected by the reaction

w(s)+ 3co(g)--wo3(g)+ 3c(s). (5)

It has been shown (11) that at 48007 (2920°K), 0.5 atm. pressure of CO(g)

yields but 5 x 10"15 arm. of WO3(g), a completely negligible quantity. In fact

the high CO partial pressure in the Ca-seeded C2N2-02 combustion products

(_0.6 arm. for the cesium seeding level of interest (7)) serves to inhibit

WO3(g ) formation because of tungsten oxidation by CO2. A CO-to-CO 2 partial

pressure ratio of the order of i00 has been claimed (11) significantly to re-

duce tungsten oxidation (WO3(g) formation) by the reaction

w(s)+ 3co(g)= wo3(g)+ 3co(g) (6)

From a tabulation of calculated equilibrium partial pressures of WO3(g ) by

tungsten-CO 2 reaction at various temperatures and CO-to-CO 2 partial pressure

ratios (ii), the WO3(g ) pressure has been estimated for the pcJPco value

expected in the C_2-02 combustion products; this ratio will later Re shown

to be approximately 2 x 104. The tungsten loss rates corresponding to these

WO3(g ) pressures are shown in Table 4-8.

Table 4-8

Tungsten Electrode Loss by Oxidation
= 2 x lO4)

(W03 Formation from W-C02 Reaction; pCJPco 2

Temperature (°K) 2500 2750

WO_(g) Pressure i0-5(d_es/cm2) 5 x 10.3

Loss by Vacuum Evaporation

Mass Loss

(g_cm 2 sec)

Surface Erosion

(m/loohours)
Loss by Diffusion into Stream

M_ss LQBS

(_Icm_ see)
Surface Erosion

(m_/lO0 hours )

7.57 x i0-12

1.41 x 10-6

3ooo 325o 35oo

8 x 10-3 4_x 10-2 2 x i0-I

1.01 x 10 -8

1.88 x 10 -3

7.75 x lO-8

1.44 x i0-2

1.37 x i0"lO i.O1 x lO-9

2.55 x 10-5 1.88 x lO-4

3.72 x 10-7

6.92 x 10-2

4.65 x lO-9

8.65 x lO-4
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Reaction between the tungsten and the nitrogen content of the plasma will be

assumed to be relatively insignificant, based upon experimental results (12)

to 2373 °K.

A summary is appropriate at this point. Of the possible electrode deterioration

mechanisms considered, only two appear to be significant. This is shown in

Figure 4-2 where the surface erosion rates listed in Tables 4-2, -3, -7, and -8

are plotted; for comparison purposes, both the vacuum evaporation and stream

diffusion rates are shown. It is apparent that oxidation by CO2 is a second

order effect and that the electrode loss is governed primarily by oxidation by

02 or by tungsten evaporation, depending upon the temperature range. Also shown

in the figure are the net effects of these two processes in combination. The

curves show a minimum near 2900°K. One would not necessarily expect to find

such a pronounced minimum experimental]j, since a number of simplifying assump-

tions were made in the above analysis. Only a few possible chemical reactions

were considered, and these were studied separately, without the more elegant

approach of the simultaneous computation of the various partial pressures in-

volved. Nonetheless, the results indicate potentially satisfactory performance

for tungsten electrodes.

On the basis of mass transfer by diffusion into the plasma stream, the conclusion

from Figure 4-2 is that tungsten electrodes should erode at a rate of about

0.25 mm/lO0 hours at 3500°K, a temperature near the melting point and fully cap-

able of providing more than ample thermionic emission current density to insure

satisfactory generator operation. Operation at lower electrode temperature would,

of course, yield longer lifetimes.

Electrical Insulator Erosion The erosion degradation of sidewall electrical

insulators for open cycle MHD (vortex) power generators has been carried through

in a fashion similar to the approach employed above for electrodes. Several

obvious differences, however, must be considered. As in the case of electrodes,

it is desirable to operate the insulators at as high a temperature as possible

so as to maintain generator efficiency through minimum heat loss. The tendency

of the resistivity of all high temperature insulators to drop rapidly with in-

creasing temperature necessitates some compromise in this area. Consequently an

insulator temperature yielding adequate lifetime may in fact turn out to be too

high to maintain sufficient interelectrode resistivity; this in turn may requi_

lower temperature operation with the attendant efficiency penalty.
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A second area of difference is in the basic mass (or heat) transfer process.

Mass transfer from tungsten electrodes was calculated on the basis of laminar

flow. Both theory and experiment indicate that the sidewall heat transfer is

likely to be turbulent. Consequently, the mass transfer rates for diffusion

from insulators into the plasma stream were computed on the basis of a turbu-

lent heat transfer coefficient.

In practide, it has been found advantageous to construct the generator sidewalls

of two layers, an electrically insulating layer in "direct" contact with the

electrodes and the plasma and a "backing" layer of thermal insulation (usually

zirconium oxide). The analysis to follow will consider only the former; this

will be the more critical component since it will operate at considerably

higher temperature and will have a more direct influence on generator perform-

ance. The thermal insulation layer should present no particular difficulties,

particularly since the finite thickness of electrical insulator (usually also

at least a fair thermal insulator) may be expected to keep even the "hot" side

of the thermal insulator at a temperature sufficiently low so that chemical

erosion is negligible.

A variety of high temperature electrical insulators have been studied for use

in MHD power generators. For open cycle applications strontium zirconate

(SrO.Zr02) has been shown (9) to enjoy substantial advantages over magnesium

oxide (Mg0)_ beryllium oxide (BeO), and boron nitride (BN). Thus the degrada-

tion rate of Sr0"Zr02 in the presence of the C2N2-02 combustion products will

be estimated to evaluate the potential of this insulator for use in an MHD

generator employing this fuel. As before, mass loss both by the vacuum evapor-

ation and stream diffusion mechanisms will be calculated.

The accuracy of the subsequent analysis will depend strongly upon the value

assumed for the free energy of formation of strontium zirconate. The exact

value is not available, but it has been assumed (9) that a reasonable estimate

is -30 Kcal/mole, based upon the free energy of formation of CaO-Si02, an anal-

ogous compound. To indicate the strong dependence of the SrO.ZrO 2 degradation

rate upon this free energy of formation, the calculations will be carried out

for two other values, -lO Kcal/mole and -60 Kcal/mole, which may be regarded as

bounding values between which the true value must lie (13).
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Two processes governing the degradation of SrO.ZrO 2 may be considered, volatil-

ization of Zr02 or Sr. Free energies for these reactions may be calculated,

within the limitations discussed above for the SrO'ZrO 2 formation energy. The

effect of Zr02 volatilization may be estimated from the reaction

SrO'ZrO2(s) = ZrO2(g ) + SrO(s) (7)

173,170}

for which AG = 193,170) - 38.0 T, depending upon the value taken for AGf
223,170)

(SrO.ZrO2). Rate calculations for SrO.ZrO 2 degradation have been carried

through (in the same manner as for the electrode erosion) in the temperature

range 2000°K to 3000°K, where the latter temperature represents the approximate

melting point of strontium zirconate. The results are summarized in Table 4-9.

The rates listed for loss by diffusion into the plasma stream were calculated

from equation (3) with the average mass transfer coefficient _D = 233.6 cm/sec;

this value was based on a film heat transfer coefficient _ = 2.23 x lO5 erg/cm 2

sec °K, as determined for turbulent flow conditions (14).

It is apparent from Table 4-9 that the rate at which insulator material may be

expected to be lost is extremely sensitive to the free energy of formation

assumed; the loss rates for A Gf (Sr0.ZrO 2) = -lO Kcal/mole range from about

3 x lO5 to 4.5 x lO3 times greater, depending upon the temperature, than for

Gf(Sr0-Zr02) = -60 Kcal/mole.

Even under the worst conditions of temperature and assumed formation energy,

however, the calculated erosion rates are not particularly severe. Unfortunately

SrO'ZrO 2 loss by Zr02 volatilization is not the predominant effect in the

degradation process. As will be shown below, SrO.ZrO 2 loss by Sr volatilization

is the controlling factor.

This effect is described by the reaction

SrO.ZrO 2 + CO = Sr(g) + Zr02(s ) + CO2

_5,99o)

for which _G = 135,990) - 21.84 T, depending upon _Gf(SrO.Zr02).
165,990)

In the reaction of equation (8)

(8)
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/K = ] Psr (9)

so that the strontium vapor pressure or volatilization tendency may be thought

of as being influenced by the Pco/Pco_ partial pressure ratio of the combustion

plasma. For the present case of cesiUm-seeded C2N2-02, it has been shown that
-6

-_i0 atm.
PO 2

Thus from the reaction

I
CO + _ O2 = C02 (lO)

for which _G = -67,500 + 20.71 T, one may compute_G at the plasma temperature

and, since PC0 = 0.598 atm. (Table 4-4), one finds Pco/Pco 2 _ 2 x lO4. Equation
(9) then becomes

PSr = 2 x 104 K (11)

which shows the adverse effect of the high Poo/Pc _ ratio of the plasma in terms
of the increased tendency for Sr volatilization. (It will be recalled that it

was this high ratio which so effectively inhibited the tungsten electrode oxida-

tion process described by equation (6)).

The extent of the strontium volatilization may now be calculated from equation

(8) for the three values of _Gf(SrO.Zr02). The results are given in Table 4-10.

Here again the effect of the various values of free energy of formation is

apparent, but more important is the fact that the loss rates calculated are

some l05 to lO7 higher than for SrO'ZrO 2 degradation by ZrO 2 volatilization

(Table 4-9). The latter effect may therefore be regarded as insignificant

relative to the former. The surface erosion rate data from Table 4-10 are

plotted in Figure 4-3 for both vacuum evaporation and Sr diffusion into the

plasma stream.

A number of conclusions may be drawn from Figure 4-3. First of all it will be

assumed that erosion by diffusion into the plasma stream constitutes a more

realistic loss model than vacuum evaporation. Furthermore an insulator erosion

rate of about lO2 mm/lO0 hours will be taken as representative of what might

be acceptable in a lO kw-size vortex power generator; this rate corresponds to

about a twenty per cent increase in generator volume (twenty per cent pressure
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drop) over an hour of operation. On this basis Figure 4-3 shows that strontium

zirconate would be an acceptable insulator only at temperatures of 2000°K or

less if the free energy of formation of strontium zirconate is -10 Kcal/mole

or less. If this energy, on the other hand, is more nearly -60 Kcal/mole, then

this insulator may be operated at temperatures up to its melting point (_ 3000°K)

without incurring excessive erosion; whether this material would maintain ade-

quate electrical resistivity at temperatures close to its melting point is

another matter.

Since the free energy of formation of Sr0-ZrO 2 is more probably some inter-

mediate value near -30 Kcal/mole, one might expect acceptable erosion rates to

temperatures near 2500°K. Figure 4-3 shows an erosion rate of 250 mm/lOO hours

at this temperature and 0.33 mm/lO0 hours for 2000°K. The upper limit of insu-

lator operating temperature will be determined by the exact value of formation

free energy and considerations of the resistivity characteristics.

Summary The lifetimes of tungsten electrodes and strontium zirconate

insulators have been estimated for the case of an open-cycle vortex MHD power

generator driven with a cesium-seeded cyanogen-oxygen combustion plasma. A

number of chemical reactions between the various combustion products and these

materials were studied in an effort to determine the process controlling the

erosion rate. This rate in turn was calculated on the basis of material loss

by vacuum evaporation from the solid-gas reactions and by diffusion into the

plasma stream. The approach used in obtaining the lifetime estimates summarized

below should be applicable as well to other electrodes and insulator materials

used in conjunction with other fuels.

The behavior of tungsten electrodes was studied in terms of their vaporization

tendency and chemical reaction with 02, CO 2 and CO to form WO 5. The results

indicate that in the temperature range of interest (_ 3000°K), the tungsten

erosion is primarily the result of tungsten evaporation into the gas stream.

Tungsten oxidation through reaction with CO 2 was determined to be a negligible

factor since the high partial pressure of CO found in the C2N2-02 products

effectively inhibited this reaction. Oxidation through reaction with 02 was

significant over a certain temperature range, but the tungsten evaporative loss

wa_ found to control the degradation at temperatures 2 3000°K. On the basis of
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mass transfer by diffusion into the stream, it was shown that tungsten electrodes

should be capable of operation at temperatures to 3500°K (_ i00 amp/cm 2 thermionic

emission) with an erosion rate less than 0.25 ram/100 hours.

The analysis of strontium zirconate insulators (SrO-Zr02) employed a similar

approach. It was assumed that the Sr0.Zr02 could erode either by volatilization

of the ZrO 2 or the St. The latter effect was found to be at least 105 times as

strong as the former; the high ratio of CO to CO 2 content in the (C2N2-02) -

plasma (which led to increased electrode lifetimes by minimizing the WO 3 fE_m-

ation tendency) was found to have an adverse effect upon the SrO'Zr02, promoting

its mass loss through Sr volatilization. The extent of this predominating ef-

fect depends strongly upon the free energy of formation of Sr0"Zr02, the exact

value of which is unavailable; consequently the SrO-ZrO 2 loss rates were calcu-

lated for a range of free energies of formation. On the basis of the "most

probable" value (-30 Kcal/mole) a mass transfer erosion rate of 250 _/I00 hours

at 2500°K was calculated; operation at 2000°K was determined to lower this rate

to 0.33 ram/100 hours.
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5.0 GENERATOR MAGNET SYSTEMS

Optimum magnet configurations of the permanent magnet, electromagnet (iron-core ),

and cryogenic superconducting type were investigated for the vortex MHD power

generator. The operating characteristics of each type were determined for the

example of Section 6.3 and their salient features are compared below. Air-core

copper and cryogenic cooled air-core aluminum and sodium magnets were not con-

sidered since they are considered to be at least a factor of ten greater in

weight than the cryogenic superconducting magnet 1.

Permanent Magnet The relationship of the permanent magnet to the vortex

generator is shown in the schematic of Figure 5-1. A single C-magnet for this

application is to be preferred over other possible configurations, such as a

multiple-C arrangement or a single symmetric continuous-C magnet, for reasons

of simplicity, compactness, and reduced flux leakage factors.

Alnico V-7 is selected for the permanent magnet material because of its high

external energy density of 7 x lO6 gauss-oersted. This selection insures the

lightest and smallest volume permanent magnet for the given magnetic field

requirements of any commercially available magnet material. A disadvantage of

Alnico V-7 is its higher processing cost which is the result of the requirement

for casting it in a magnetic field. The calculation of magnet weight and

geometry is initiated by determining its length

fB L

L =- gg (i)
m Hd

where f = reluctance factor

B = flux density in gap
g

L = length of gap
g

Hd = magnetomotive force corresponding to operating point in B-H curve.

Bg and Lg are fixed by the example at 15,000 gauss and 2.28 cm respectively. For

operation at the peak energy density point on the B-H curve of Alnico V-7, Hd =

650 oersteds. The reluctance factor f is the ratio of the sum of the MMF's re-

quired by the gap, any soft iron flux concentrators, Joint reluctance, and the

additional MMF required to accommodate the geometry of the gap itself, to the

MMF required for the gap. The usual reluctance factors vary from i.i to 1.5; a

value of f = 1.3 will be assumed for this example.

99



/

/
/
I
I

/

I

l

l

l
l

J



I
I
I

I
I

I

I
I

I
I
I

I

I
I

I

I
I

I

I

The leakage coefficient (_), which plays an important role in determining the

magnet area (Am), can vary however over a large range and does require calcula-

tion. This area dependence is shown by the following relation

BAG

A --_ (2)
m Bd

where A = area of magnet at its neutral section
m

A = gap area
g

Bd = magnetic induction corresponding to operating point on B-H curve.

the gap area (Ag)will be taken to be two thirds of the area over which the mag-

netic field is required by the vortex generator. The factor of two thirds is

arbitrary and was selected on the basis that the large flux leakage coefficient

which occurs as a result of the poor gap geometry will provide a nearly uniform

flux density over the entire active volume of the vortex generator. The two

thirds factor also corresponds to the approximate value of area convergence re-

quired by the flux concentrators (i.e., pole pieces). A is thus 22.1 cm 2.
g

The leakage coefficient was calculated on the basis of generalized formula for

permanent nmgnet configurations, Reference 2. For the concentric and slightly

eccentric C-magnet with tapered soft iron pole pieces

L Ii _ e a e_ 1_:l+_ .7_ +L +a+L + (3)
g g g

where the length, a, is calculated as one-sixth of the C-magnet's average length,

Ua is the perimeter of the gap (= 2_ [r i + ro] ), and e equals the length of each

tapered pole piece. For the dimensions indicated in Figure 5-1, the corresponding

leakage coefficient is _ = 7.7.

The area of the magnet at its neutral plane is thus, for Bd = 10,770 gauss (the

induction of Alnico V-7 at the peak energy density point of operation), equal to

A = 237 cm 2. The average cross-sectional area of the magnet, assuming a linear

m 2

taper between the neutral plane and the gap, is then Am = 135 cm .

The resulting weight of the permanent magnet, calculated on the basis of

Wmag" = _mag. A% Lm

lO1



and the massdensity of Alnico V-7 (0.265 ib/in 3) is 149 lb. This will be the

heaviest of the magnet systems considered but it has a fixed weight, is independent

of the dormancyor power duration requirements, and demandsno external cooling.

It is worth mentioning in passing that one might expect a more efficient perma-

nent magnet arrangement if the magnet material is located adjacent to both sides

of the gap and with an iron backstrap return path. The flux leakage coefficient

in this case is reduced to 6.3, but the change is so slight that the correspond-

ing reduction in the weight of the Alnico V-7 is more than compensatedby the

added weight of the iron return path. The weight estimate above is therefore
considered to be a minimumregardless of the arrangement of the magnetic circuit.

Electromagnet An iron-core copper electromagnet of the configuration

described in Figure 5-2 will be considered next. A completely symmetric geo-

metry will be assumed although it is understood that provision for the generator

Jet(s) must be included in a more exact analysis. The optimum configuration for

this type of magnet is that of Figure 5-2; it is based on prior experience with

calculating examples of magnet systems for the vortex generator study of the

NAS5-703 contract.

The copper coil must provide the MMF required by both the iron and the gap.

Thus the amp-turns required by the gap are given by

10B L
gg

NI =
gap

(4)

where B = 15,000 gauss
g

L = 2.276 cm
g

and equal 23,900. The iron requirement, given by

i0 H. L.
Iron iron

NIiron - 4_
(5)

where Hiron = 70 oersted at Biron = 18,000 gauss for pure iron annealed

L. _ 30 cm
iron

is 1,670 amp-turns. Thus the total requirement is 25,600 amp-turns. This can

be satisfied by 60 and 90 turns for the high and low current cases respectively,
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of the generator example in Section 6.3, if the coil is wired in series with the

output of the generator. A coil with this number of turns and with the geometry

indicated in Figure 5-2 should be convenient to fabricate by winding full coil-

width strips of insulated copper into a single coil. The required exterior coil

shape can be machinedsubsequently.

The power dissipated by this coil can be calculated by the following equation

P°wercoil = 12p*2_ab (6)

where I = coil current

= copper resistivity, incorporating a packing factor
= 3 x l0 "6 ohm-cm

r = meancoil radius

ab = cross-sectional area of coil

m

If we assume the coil to have the dimensions a = b = 6 cm and a mean radius r =

8 cm, then the power dissipation is approximately 2.4 kw. The coil could be

made smaller, for a net saving of weight, but at the expense of increasing the

power dissipation and thereby possibly exceeding the regenerative cooling capa-

city of the fuel and oxidizer.

In order to complete the calculation of the magnet structure, and hence its

weight, the flux leakage coefficient and iron area must be determined next.

The formulas derived by Roter (Reference 3) for estimating the permeances of

probably flux paths were employed for the calculation of the leakage coefficient:

iP

P1

where ZiP = sum of all flux path permeances

PI = gap permeance

(7)

The four flux paths considered are labeled in Figure 5-2. Their permeances were

calculated to be 9.76, 6.53, 4.65, and 1.91/_-cm respectively for paths one
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through four, where/4_is the permeability of free space. The total permeance

is thus 22.8/_-cm and the leakage coefficient _ = 2.34. For a magnet gap area

equal to the area defined by the outer and inner radius of the vortex generator,

over which the 15,000 gauss field is required, the cross sectional area of the

iron,

Airon a Bg A (8)
= Biron g

= = 31.6 cm 2 The radial thickness of
is 52.7 cm 2 for Biron 18,000 gauss and Ag

the iron at the central plane of the generator is thus, for an outer radius of

the coil of ll cm, equal to 0.7 cm. This value permits an estimate of the re-

sulting envelop and weight of the magnet assembly. The assembly occupies a

volume defined by a cylinder of 23.4 cm diameter by 7.4 cm length. Its weight

is approximately 55 lb.

In summary, the electromagnet weighs approximately one third of the permanent

magnet but it requires about one third of the gross power output of the gener-

ator in this _xample and also requires special cooling about equal to its power

dissipation.

Superconducting Magnet The cryogenic temperatures required by a super-

conducting magnet coll can be maintained by refrigeration or by cryogenic fluids

with constant boil off. It is this latter method which will receive attention

here since it is expected to be the more reliable and lighter of the two methods

for a reasonably short total mission time.

The arrangement of the various elements of the magnet system is illustrated in

Figure 5-3. The insulation thicknesses indicated there are not necessarily opti-

mum but they are adequate in maintaining negligibly small heatflux. The

temperature distribution noted in the above figure corresponds to that which

occurs during generator operation. The outer surface temperature of 500°R is

assumed Uo correspond to the normal operating temperature of electrical compo-

nents which are supposed to comprise the mission payload.

For purposes of simplicity in this example, a single cryogenic magnet system is

assumed. In practice two separate systems in a Helmholtz pair arrangement would

be employed in order to provide space for the nozzles of the generator. However,
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the performance of this dual magnet system is not expected to be significantly

different from the calculated performance of a single system.

By use of a superinsulation, such as the Linde Co. SI-4 with a mean value of

thermal conductivity equal to 2.5 x 10-5 BTU °F/hr ft (in vacuum, over the

temperature range of interest) and a single low emissivity (¢ = 0.02) radiation

shield between the H2 and He tanks, the following boil off rates are obtained

during generator operation:

WH2 = (2.0) 10-4 ib/hr.

WHe = (1.4) i0-6 ib/hr

These rates include an allowance for heat conduction through tank supports and

fill lines (equal to the heat conduction through the insulation or shielding)

and do not include the boil off due to heat flux to the outer hydrogen storage

tank. The latter boil off rate cannot be estimated until the tank size, which

depends on the dormancy time, is known.

The hydrogen requirement for a dormancy of three months was calculated to be

0.5 Ib; the helium boil off is negligible for this duration of time. The entire

cryo-magnet system weight for a three month mission is approximately 17 ib of

which 12 Ib is represented by the SI-4 insulation (its density is 5.0 ib/ft 3) and

the balance by the tankage and cryogenic fluids.

The size of this cryogenic system will permit the inclusion of a superconducting

solenoid with a length-to-diameter ratio of one half and a mean radius of 8.80 cm.

The number of ampere-turns required to produce the required 15 kilogauss field

at the outer radius of the generator (r° = 3.75 cm) may be determined by refer-

ence to Figure i of Reference 4. For the radius ratio of 3.75/8.80 = .426

4Bz

/_ (NI/L) = 1.96 (Figure 1 of Ref. 4)

and the number of ampere-turns required is (2.15) lO5. For an assumed current

density of l05 amp/cm 2 in the superconducting coil, the required radial thick-

ness of the coil is 0.244 cm.
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Whenproducing the magnetic field required at the interior of the solenoid, the
coil itself is exposedto a 21.9 kilogauss field (again this determination was

madeby reference to Figure i of Ref. 4). This is still a rather conservative

field for a Nb3Snsuperconductor. At a temperature of 4.2°K (He boiling point)
and a current density of 105 amp/cm2, the critical field of niobium tin is

approximately i00 kilogauss (Reference 5). Thus the application of fields

greater than the 15 kilogauss assumedcould be applied to the generator for

improved performance.

In conclusion, the superconducting magnet system is the lightest of the three

types considered, if the required period of dormancydoes not exceed three
months. The electromagnet is smaller and lighter than the permanent magnet

without regard for the source of its power. A self-excited electromagnet gen-

erator system will probably be comparable in weight to a permanent-magnetgen-

erator system. Furthermore the heat rejection requirements of the electromagnet

maypose a serious problem.
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6.0 NUMERICAL SIMULATION OF THE VCRTEX MIID GENERATCR

As an aid in evaluating the parameters affecting the operation of the vortex

MHD generator and in determining overall generator performance, two computer

programs have been written. The first of these computes the dependence of

temperature on pressure in an isentroplc nozzle process. This program has been

employed to determine real gas effects in the driving gas as it passes from a

combustion chamber through the inlet nozzle of a vortex chamber. The other

program simulates the interrelationship between the temperature and the velocity

components, considered as functions of radial distance from the axis to the

vortex chamber. For economy of programming, both of these programs use the same

main routine and (Runge-Kutta) integration subroutine. They differ only in the

evaluation subroutines that supply values of the derivatives of the dependent

variables being integrated. When appropriately signaled by the main routine,

the evaluation subroutines also handle input and output of the quantities with '

whlch they are involved.

The two computer programs are designed to be used as follows :

(1) The conditions describing the plasma in a supply plenum or in a com-

bustion chamber (after burning) serve as input to the nozzle program.

(2) The nozzle program computes the gas temperature after expansion

through the nozzle for each of several possible nozzle discharge

pressures.

(3) An inlet pressure-temperature combination is selected which is expected

to yield good generator performance.

(4) The conditions describing the gas at the nozzle exlt are determined;

these serve as input for a possible calculation of the effect of drag

reduction due to viscous shear losses at the outer cylindrical surface

of the vortex chamber.

(5) The conditions describing the gas at the effective outer radius of the

vortex are calcnlated; they serve as input to the vortex simulation

program, along with assumed initial values for the flrst-order radial

derivatives of the dependent variables.

(6) The vortex program computes the values of the temperature and compon-

ents of velocity at the inner radius of the vortex, for several sets

of assumed initial values of the derivatives.
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(7)

(8)

(9)

(lO)

(ll)

A set of initial values is selected which matches flow conditions for

the inner (gas dischsrge) region of the vortex.

The vortex program recomputes the desired case as finely as desired,

yielding electric field values as a function of the radial distance.

The electric field is integrated numerically to find the generated

output voltage.

The output power is obtained as the product of the current (an input

constant) and the voltage.

A load curve (power vs. current) can then be determined by repeating

the appropriate steps above a sufficient number of times.

6.1 Basic Equations and Assumptions The calculations performed by the

program include real gas effects (assuming equilibrium conditions prevail) and

are based on the differential conservation equations for momentum, angular

momentum and energy in compressible vortex flow:

_u du v2 /d2u 1 am 7) dp Cf_ lul_:-_'T--(5_-+ _')\_+_- -_- u +jo_
(1A)

/d2v idv 7) cf_Ivl(6_u (_+ v) =/Z<<---_ +_[_ .... JrB (IB)

gU_-- = JrE <---_ +-_ +

_+(_)

d2v dv 2 v dv 1/_ v _ +-_ r _3_ + (_+_)

+ (2/_.+,_)(u_)+2/,.(%-%,)
(io)

where/t_and _ are the effective first and second coefficients of viscosity for

turbulent flow and_is thermal conductivity; the other quantities are defined

in what follows. It will be noted that this set of conservation equations in-

cludes terms to account for the effects of wall heat transfer (through the term

involving the film coefficientS, the adiabatic wall temperature Taw , and the

internal wall temperature Tiw ) and viscous drag on the sidewall surfaces (through

the term which includes thedrag coefficient Cf). In these equations, the

stagnation enthalpy h ° is given by
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=_ l (u2 +v 2ho l _R_+ (_R_+Z) +_ ) (2)

in which the degree of ionization 6 is related to temperature T and pressure p

through the Saha equation, and the other quantities are:

I = ionization potential of the seed gas

P = mole fraction of seed gas

= mean molecular weight of the gas mixture

R = universal gas constant

u = radial velocity

v --azimuthal velocity

Furthermore, the electric field E (which is radial due to assumed symmetries in

the geometry) is related to the current density components Jr (radial) and Je

(azimuthal) by the Ohm's Law equations

Jr : _ [E + vB + (6_)_) uB 1 (3A)l + (co_) 2

je= _ [(_) (_,+ v_)- uB] (3_)l + (_ _)2

in which the local Conductivity _ is a function of T, _ , and electron collision

cross sections, the product &2_00 = electron cyclotron frequency, _ = electron

mean free time) depends on _ and the magnetic induction B (axial by symmetry).

The total radial current I is a fixed arbitrary input parameter; Jr is obtained

from I = 2_rZJr, where z is the axial depth (a given quantity); E is obtained

by solving (3A); and Je is found from (3B). In all the above formulas the

pressure p is eliminated wherever it appears by the application of the equation

of state p = (1 + _ )_RT/_, and _ is then eliminated through the equation

of continuity: rate of mass flow = W = -2_urz.

6.2 The Computer Program for Numerical Simulation of the Vortex MHD

Generator The result of combining the equations of the previous section is a

set of three second-order differential equations for the three dependent variables

u, v, and T as functions of the radial distance r. This set is reduced to a set

of six first-order equations in u, v, T, du/dr, dr/dr, and dT/dr, which are

lll



integrated by the computer program.

However, this program, as _t was initially written, proved to be extremely

unwieldly although apparently correct. A very small integration step size,

typically 1/75 or less of the radial distance (r° - ri) , and many trials of

assumed initial values of the flrst-order radial derivatives of the dependent

variables were required in order to proceed even a few steps before the inte-

gration process went out of bounds. This occurred because the second deriva-

tives appeared only in terms of small relative magnitude and they could not

be evaluated exactly. Any lack of precision or accuracy in these derivatives

at a given step of the integration led to a larger error at the next step. The

integration was badly unstable.

Consequently, the program was modified to yield an approximate solution by

neglecting the viscous and internal heat conduction terms in the basic equations.

The solution then became much more tractable and reasonably accurate for the

type of generator (described in Section 6. 3 ) wherein the plasma static tempera-

ture remains fairly uniform and the electrical interaction is great enough to

cause the vortex flow to behave as in solid body rotation. The first condition

reduces the chances for internal heat conduction and the latter reduces shearing

deformation and hence viscous effects.

An improved programming procedure which includes these two effects was devised

subsequently. It consists of integrating the basic equations as a set of first-

order differential equations with the second radial derivatives of u, v, and T

being obtained through numerical differentiation of the first derivatives and

used in the viscous and internal heat conduction terms. However, this procedure

was not developed in time to be incorporated into the results presented here.

The analysis which follows constitutes the basis for the computer program

actually employed in the present study. The computers employed were an IBM 7070

and I_4 1401,

For the approximate solution, the equations for two-dimensional flow are used,

neglecting the viscosity and internal heat conductivity terms. The conservation

equations for m_nentum, azimuthal and radial, and energy, are
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l
_u d_ _ cfC_[vl (4A)

+ 6Pu_ = "-JrB z '

I
du _ . cfeul_i

eu _ -_T _ -_ ÷JeB ,. , (4B)

I _U_R I_ (1- P)+_ (P +_ )] _+dT _u_ TR _ + _¢_U_I_----i

I _ueu_V _+ Fu2_ + - ). (_c)_[_ = JrE - 2 (Taw Tiw

The equations of continuity, state, and the Saha equation are

I
g

purz = = constant = Q

| - -_
(5)

l
I

I
l

p R
(1 +"_ )pT = _ = constant,

I

p_2 _ 2g* (2_)312 k 512
(l + E )(P - _ ) _5/2'- = W " ,_3

The variables v, u, T are chosen as basic, dependent on r.

du/dr, dT/dr are obtained by manipulating (4A) through (7).

Equation (5) is solved for:

I
_--_' = "e _ +-+- "

| r --
Equation(6) becomes

I purz = R Q.

(6)

= constant : G. (7)

Equations for dv/dr,

(8)

i13



This is solved for p :

P

R

urz -- p _--+ +_ .(9)

Equation (7) becomes

I

2 eRT

(p. _ ) _.._ _/2

I

G g2 G urzT3/2 "
= ]_--- ' U, 6 -- ]_-- e

_Q _Q
= Z.

This is solved for _ :

I #_Z 2 dg P-_ dZ6 = -_Z + +PZ , _--=2E +Z_i:
(lO)

The conservation equations become

cfevlva
_u_ +dv gu Vr = - JrB z (4A)

2
_u du v p

_ - g-r- : I+E
d_ pat p a_
_-- - _ m: - -g _-- + 4B

cf_ulul

[pe(P-6) (_ __T) p] fat: " Ltd.+ e)(_ -_) + + •

[(lp+6(P)_d) p] (1_+ 1 1_)" . _) " _ +2

%e,.,lul
+ Je B-" z '

(4B1)
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Cu_

6(P-E)I ul du2P £ _+ _ +

2P - 6 z

E(P-E)
21d - 6

_uv dv

+ _u2_+_uv dv

(4cz)

When simplified to the case Cf = B = E = _ = P = O, equations (4A), (4131),

(4CI) become

_u dv _u r_+ v = 0 (4A')

du v 2 (_ dT I du l)eu_-f_ - - - P m=-_- , (4_Bl')

eu _. _ _ + 6u + v = o. (4el,)

The magnitudes of the coefficients are approximately such that the terms _u du
ldT

and -p_ in (4Bl')ana @u 2du_5_ in (4Cl') are negligibly small or nearly

so. These terms should not be made pivotal in the solution. This is avoided

by solving (4Cl') for _ and substituting the resulting expression into (4Bl').

Then the values of dv/dr, du/dr, dT/dr are found from (4A'), (4BI'), (4CI') in

that order. The same scheme is used in the more general case.

dT

Solving (401) for_ gives

dT JrE" 2_I (Taw

dr _u D

_+v_+AT +- z
D

(n)
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D = _R (1 - P) +5 (P +6 +A +

tIA = _ + _ .

Substitution into (4B1) results in

[p _ _I pl 1 irE - H Cf_u,u,
_u du v2

"('7- -- - F + + _" _UD +J_B z

(IP __I ] 1 ATl+u -lu)

U du
+ F + + P T " D (pF - p) _[_

r

+

+

F + +P _ " _5_

F + I + P T " -D- " (pF- p +-
Z

%.

(l+ 6)(2P- &) '

(4B2)

I
I

I
I

I

I

= 2W._(%, - %.,).

Dividing equation (4B2) by p and solving for du/dr gives

cfeuluL
du J(jr E - H) JoB z

T_ uDS pS

s = _u J(A__i+ u)u 1

p TD '" +L_,

+ ..TD--_-_ + - +_Z rpS '

(12)

I

I
I

L = F- i.
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dv

Finally, solving (4A) for_ gives

dv jrB cf vlvl v
= " pu zu r (13)

Evaluation of (13), (12), (ll) in sequence permits numerical integration of

the differential equations using a standard method such as Runge Kutta. The

application of this computer program is demonstrated in the example of an open

cycle vortex MHD generator to follow.

6.3 Example of Computed Generator Performance An example will serve to

indicate both the application of the numerical simulation program and the per-

formance to be expected from a vortex MHD generator. A chemically-fueled open

cycle system was selected as being appropriate for the example because of its

suitability for the short term power applications described in Section 7.1.

A possible arrangement of the vortex generator components in a power system

package is illustrated in Figure 6-1. By employing high-temperature producing

non-hydrocarbon fuels (e.g., cyanogen/oxygen) high power densities can be

achieved with the moderate magnetic fields provided by permanent magnets.

Component temperatures can be controlled by regenerative cooling supplied by

both the fuel and oxidizer.

Relatively high electrical conductivity is obtained from these high temperature

combustion products when they are seeded with a small percentage of an easily

ionized substance such as cesium. The direct result is a high power density

(per unit volume of magnetic field region) which minimizes both the heat transfer

loss and the required magnet weight and volume.

The various considerations necessary to the determination of performance are

delineated in the following example.

The example selected is a low power MHD generator suitable for space applica-

tions which may require long periods of dormancy before being required to deliver

power, either in a single burst or intermittently. The descriptive phrase "low

power MHD generator" is used here in the sense that the power level calculated

for this example is at the extreme low end of the power range thought feasible

i17
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for MHD generators. The values of performance, efficiency and power density

quoted for this example, therefore, represent lower limits to what can be

expected from vortexMHD generators of greater output. The various assumptions

employed in the calculation are described in Table 6-1.

T_LE 6-i

Example of Computed Generator Performance;

Assumption of Calculation

Assumption Remarks

Fuel: cyanogen and oxygen in stoichlometric proportions

Seed: liquid cesium

-i
W = lO gm sec Total propellant flow rate.

P=O.I

O

-_o = i atm

T o= 4400 °K
O

Seed concentration. The results of a

study (Ref. l) of linear MHD generators

utilizing the above fuel and seed indi-

cate that P = O.1 is about optimum.

Stagnation inlet pressure. This value

was selected to give a reasonable com-

promise between excessive heat transfer

due to high pressure and excessive Hall

effects due to low pressure.

Stagnation inlet temperature. The analy-

sis of Ref. 2 indicates that at P = O.1
o

and Po = 1 atm, the resulting seeded

combustion gases have the temperature

indicated.

ro = 3.75 cm

ri = 1.87 cm

z = 1.O cm and constant

Outer effective radius of chamber.

Inner radius of chamber at exhaust outlet.

Depth of vortex chamber.

i19



M o = 0.75, 90, 1.20

B = 15,000 gsuss and constant

Tiw = 2500°K

Qes = (1.3)lO"14 om2

Qen = (0"883) 10-15 cm2

Mach number (tangential component) of

driving jets. These values were tested

in a search for the optimum whichmaxi-

mizes power output when considering the

opposite trends of velocity and conduc-

tivity in an expansion process.

Magnetic field.

Temperature of inside surface of side-

wall. This value is adequate with regard

to material considerations (Section 4.2),

heat loss, and maintenance of negligible

sidewall electrical shorting.

Electron - neutral seed particle elastic

cross-section. Ref. 3.

Electron - neutral combustion gas elastic

cross-section. This is a concentration

weighted value derived from Qen (CO) =

i0 -15 cm 2 and Qen (N2) = (0.65) lO-15cm _

at a mean gas temperature = 4000 °K.

Ref. 4.

Gas Model: Real gas effects are included except for the following assumptions.

The plasma is assumed to consist of CO, N2, and Cs with both dissociation and

electronic excitation above ground state neglected for all species. It is also

assumed that the CO and N2 are fully excited in vibration and rotation.

Viscous Effects on Outer Cylindrical Wall (Electrode): The analysis of gener-

ator performance requires the determination of the tangential velocity, Vo,

which is effective in maintaining the vortex flow. This velocity need not be

identical to the nozzle discharge velocity because of the turbulent wall shear

and internal fluid torque. The average skin friction coefficient _fw ) for

the shear on the outer wall, based on the following torque balance equation
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2

(Vn - Vo) ro o

(Driving torque --Wall shear torque + Internal fluid torque)

can be correlated by Cfw = 0.35 Rev'0"27 for the series of vortex experiments

described in Reference 5. This correlation unfortunately does not take into

account the radial pressure gradient through which the Jet traverses before

the recovered jet velocity (vo) is established. The ratio Vo/V n = 0.9 when

calculated on the above basis for the present example with M ° = 0.9 and assuming

solid body rotation (i.e., zero internal fluid torque). This value is indica-

tive of the increased overall nozzle expansion ratio required to overcome the

viscous wall loss. The radial pressure gradient at the effective outer radius

must be considered also as it effects that portion on the initial expansion

which must exist within the nozzle itself. The influence of the viscous wall

loss on overall generator performance is thus expected to be negligible in

the present example; its primary effect will be a slight upward adjustment in

the combustor pressure.

Internal Heat Transfer and Viscous Effects : These two effects are assumed to

be negligible in this example for the reasons stated previously in Section 6.2.

Sidewall Boundary Layer Flow: The sidewall boundary layer radial flow was not

a consideration in the present computer analysis. The magnitude of this radial

flow can assume significant proportions, however, in a generator of low aspect

ratio, such as in the present example. An analysis due to Mack 6 can be employed

to estimate the ratio of radial flow in the boundary layer to the total mass

flow. For example, at the conditions of operation corresponding to the case

where M ° = 0.9, z/r o = 0.266, and I = 287 amp. we find that the tangential

velocity distribution is nearly solid-body rotation, thus Figures 1 and 28 of

Reference 6 indicate that 13_o of the total _ss flow exists as radial flow in

each sidewall boundary layer. At a higher current density, I = 430 amp, the

velocity distribution changes to one which can be described by the equation

v/v o = (r/ro)'4 and the radial flow in each boundary layer reduces to 4% of the

total flow. These estimates may be considered also as upper limits in as roach as

the radial pressure gradients which produce the secondary flow are less strong
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i
in a power generating vortex than in a purely hydrodynamic vortex for the same

power-law tangential velocity distribution; and it was the latter case which

was considered in Reference 6.

These results lead to the conculslon that the magnitude of the boundary layer

flow can be held to an acceptableminimumby the proper selection of generator

parameters, primarily the aspect ratio and the generator load coefficient

(which affects the tangential velocity distribution).

Matching Condition at Fluid Exhaust Boundary: The calculation of fluid flow in

the vortex power producing region assumes that the values of fluid velocity and

pressure can be matched at the discharge radius (ri ) by the flow in the inner

discharge region of the vortex. The velocity distribution within this inner

flow, given by Equation lO of Appendix C, and the pressure distribution based

thereon may be used in the calculation of an exhaust restriction required for

the matching condition. For present purposes it is sufficient to insure that

flow choking does not occur at the discharge orifices.

Auxiliary Equations :

I

I
I
I
I

I

I
I

Electrical Conductivity:

2 _m

a= o.85 _ee

_ere%1 =7

i
6 .Ref.7

JT- ((i " P) Qen + (P - _ ) Qes + _ Qel) i
1.125 _n Ref.7

n 6 +
e

Hall Coefficient : |

j..,.. (=_?.,) = e B

_ )o e _- ((i - P) Qen ÷ (P " _ ) Qes ÷ _Qel

Specific Hea -

Cp__RI _4P

I

I
I
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Molecular Viscosity:

• ®_= (_._,_o-__ _(_) -i -i
gm cm sec Ref. 8

@

where _ and E/k are the force constants in A and °K respectively.

Thermal Conductivity:

=_ (Cp + _ R), which is Eucken's relation.

Sidewall Friction Coefficient :

where Re
ZV

for Re ( 6 x 105
ZV

2(_v_)o

Sidewall Mean Heat Transfer Coefficient:
0.6

_ 0.0157 Pr_ (_/_)0"8 rw erg

i + 2.035 (_/_)0.i rw-0.2 (Pr - i)
2

sec OK

Ref. 8

Ref.9

Ref.lO

where _ = Vo/r o

j : ,,,,<<>i_
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A summary of computer results is given in Table 6-2 for several different values

of driving-jet Mach numbers, total current flow, and for the two possible rela-

tive orientations of magnetic field and tangential velocity vectors. Radial

inflow is assumed throughout.

TABLE 6-2

Comparison of Calculated Power Output

High Current, I - 430 amp.

Outer electrode cathode

Inner electrode cathode

Low Current, I = 287 amp.

Outer electrode cathode

Inner electrode cathode

M = o.70 o.9o 1.2o
O

2.58 KW 3.18 KW ---

--- 3.92 KW 5.84 KW

2.95 KW 3.40 KW ---

--- 4.81 KW 6.03 KW

The advantage of orienting the magnetic field with respect to the tangential

flow direction s o as to provide for a radial inflow of current is clearly

obvious from the comparison of results at M ° = 0.90. By this means the Hall

effects are minimized as discussed in Section 3-3-7-

Although only two levels of current for each of three different Mach numbers

were investigated, the selection apparently resulted in near optimum conditions,

that is maximum power output for each value of assumed inlet Mach number. A

trend of increasing power output with increasing Mach number was also obtained

but it is not clear whether the optimum Mach number is contained within or

without the range studied. An optimum can be anticipated as the increased

Mach number results in a lower plasma temperature and hence conductivity which

is not offset by the contributions of velocity to power density'

Of the several sets of generator operating conditions studied, that which indi-

cated the best performance will be employed in the calculations to follow. The

radial distribution of variables for this case are illustrated in Figure 6-2.

The primary features of this case are a power output of 6.03 KW at a terminal

voltage of 21.0 voltsj an energy, efficiency (elect. power out/chem, power in) of

14.7 per cent, and a propellant flow rate of 13.1 lb/kw-hr. It should be noted
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Vortex MHD Generator, Radial Distribution of Variables Figure 6-2
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that one third of this propellant flow rate is due to the cesium seed; it is also

quite probable that the seed coucentration (10 molal per cent) could be reduced

substantially without a significant decrease in power output for a net increase

in system power density. Additional computer runs would be required to determine

the extent of this trend.

The total heat transfer from both sidewalls for this particular example can be

determined from the calculated sidewall mean heat transfer film coefficient

(#_= (2.23) lO 5 erg cm "2 sec/°K), the wall inside surface temperature (2500°K),

and the adiabatic wall temperature averaged over the sidewall between the outer

and inner radii (r° and rl). The computer output indicated that Taw varied in

a nearly linear relationship with radius from Taw = 4264°K at r° to 3570°K at ri.

The average value was 3900°K. The corresponding heat loss from both sidewalls

was thus 2.06 kw.

This magnitude of heat loss is at an acceptable level with respect to the regen-

erative cooling capacity of the fuel and oxidizer. The regenerative cooling

capacity was calculated on the basis of the propellant supply rate and assuming

that the latent heat of vaporization and sensible heating to lO0°C for both

fuel and oxidizer are available as a heat sink. This amounts to 1.2 kw for the

oxidizer and 4.1 kw for the fuel for a total regenerative cooling ability of

5.3 kw.

To complete the analysis of generator performance the thicknesses of the ceramic

sidewalls must be determined since they partially determine the minimum magnet

gap and hence magnet weight. The heat loss mentioned above corresponds to a heat

-1 -2
flux of 7.45 cal sec cm . At this heat flux the thickness of a strontium

zirconate electrical insulator, operating between surface temperatures of 2500°K

and 2100°K, with a mean thermal conductivity over this range of (5.5)10 -3 cal sec

cm-'l'/°K (ll), is _e = 0.295 cm. This value exceeds the one hour erosion calcu-

lated in Section 4.2 for the SrO.ZrO 2 insulator. The inside surface temperature

was limited to 2500°K in this example so as to prevent excessive erosion and to

eliminate electrical shorting of the generator output by sidewall conduction. At

2500°K, the resistivity of SrO'ZrO 2 is lO ohm-cm (ll) and insulator conduction at

this resistivity level is negliglble.
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Thermal insulation was assumed to be provided by zirconium oxide, operated be-

tween surface temperatures of 2100°K and II70°K. Over this temperature range the

high density (350 ib/ft_), four per cent Ca0 stabilized ZrO 2 has a value of thermal

conductivity of (2.75)10 -3 cal seclcm'i/°K (ii). The thickness of ZrO 2 required

for the heat flux mentioned above is _ t = 0.343 cm. The zirconia exterior sur-

face temperature of II70°K corresponds to a maximum permissible value with re-

spect to the Curie point of the adjacent magnet Permendur pole piece.

A determination of the minlmummagnet gap is now possible. It is equal to the

sum of the generator depth (i.0 cm) plus the thicknesses of the electrical and

thermal insulators on each side of the vortex cavity (2_ e + 2 _t ). The result-

ing minimum magnet gap is thus 2.276 cm. Magnet system calculations, based on

this gap dimension plus the inner and outer radius of the generator volume over

which a 15,000 gauss field was assumed to exist, were presented in Section 5.

A summary of those results, as applied to the present example, is given in the

following table.

Table 6-3

Summary of Power and Weight Characteristics of Vortex Generator Example

I

I

I
I

I
I

I

I

Permanent

Magnet Electromagnet

Superconducting Magnet

(3 Month Dormancy)

Gross Power, kw 6.03 6.03 6.03

Net Power, kw 6.03 3.63 6.03

Weight, ib _ 149 55 4_

Scaling to the Examples of Section 7.2 The analysis of the present example

can be scaled to determine the performance of the i0 kw-20 min. and 50 kw-60 min.

vortex MHD generators discussed in Section 7.2. An extremely conservative esti-

mate can be obtained by assuming no change in power density (per unit volume of

vortex cavity) or conversion efficiency as the 6 kw generator is scaled upward.

This assumes no improvement due to the surface area-volume relationship, whereas

the heat transfer and sidewall drag should actually decrease in relative magni-

tude, nor any further attempt at determining optimum geometry such as radius

ratio or axial depth variation and optimum operating conditions. The computer

analysis of generator performance, summarized in Table 6-2, actually provides
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little more than a single point in a performance mapor parametric analysis of

the generator that would be required to determine the optimumperformance possi-

ble. The following conservative estin_te will however reflect the improved

magnet-generator relationship possible since, for constant sidewall insulation

thickness , the vortex cavity occupies an increasing proportion of the magnet gap.
The vortex cavity volume can be increased by the ratio of power levels if the

outer radius and axial depth are each increased by the cube root of the power

ratio, assuming that the generator radius ratio remains constant. The resulting

permanent magnetsweight estimates, with appropriate adjustments in the leakage
coefficients (which decreased slightly), are 163 lb. and 723 lb. respectively

for the i0 kw and 50 kw applications. The total system weights (i.e., permanent

magnet plus fuel) are therefore 205 lb. and 1380 ibs. with the specific propel-

lant consumption 13.1 ib/kw-hr assumedconstant. Corresponding system weight
estimates for the generators with superconducting field magnets are 60 lb. and

750 ibs. for an assumeddormancyperiod of three months.

These weight estimates must be considered, therefore, as upper limits; signifi-

cant reductions can be expected by optimizing. On the basis of the limited

results of the computer analysis, it appears that very substantial improvements

in generator efficiency and power density can be achieved by optimizing. The

following changesor considerations can be recommended.

a) increase M° from 1.2 to 1.5 for an estimated gain in power density of
27 per cent.

b) increase operating pressure level to reduce Hall effects.

c) increase u/v ratio to reduce Hall effects.

d) increase generator axial depth with decreasing radius to suppress
Hall currents.

e) utilize the fringing field of the magnet.

f) increase magnetic flux density. This is most appropriate if a super-

conducting magnet is employed.

g) alter the seed concentration to maximize total system power density.

h) consider the improvementsdue to a better surface area-volume ratio at

higher power output levels.
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7.0 VORTEX MHD GENERATOR APPLICATIONS; COMPARISON WITH OTHER SYSTEMS

7.1 Applications The general areas of applicability of MHD methods of

energy conversion depend, first of all, upon whether an open or closed-cycle

system is selected. This choice is clearly dictated by the requirements of the

particular mission in terms of power level and duration of output required.

Open-cycle MHD conversion systems in general will employ a combustion energy

source which provides a high temperature, high velocity gas stream similar to a

rocket exhaust. With such combustion sources, the exhaust products themselves

become the working fluid in the MHD generator. Typically this gas stream has a

static temperature of 3000°K and a velocity of lO00 meters/sec. In addition to

the conventional combustion products, an alkali metal compound is added for seed

purposes. The appropriate cycle is a direct one in which the combustion products

flow through the generator section and then are exhausted overboard. The cycle

performance is dependent directly upon the upper temperature in the combustion

process and the lowest exit temperature at which acceptable conductivity can be

obtained.

Open-cycle MHD conversion systems require a continuous consumption of the working

fluid or propellant. Since for a given continuous power output level this pro-

pellant weight is a linear (increasing) function of the duration of power delivery,

there will exist an operating time beyond which the weight becomes excessive and

a closed-cycle approach becomes advantageous. It is believed that operating

times which require excessive propellant weights will prove to be the ultimate

limitation on open-cycle MHD systems. Combustion fired experlmentalMHD gener-

ators have been operated for times of thirty minutes; it is expected that these

times can be increased by several orders of magnitude through use of additional

cooling and by operation at lower temperature provided the gas conductivity can

be maintained sufficiently high. By these methods sufficient lifetime is ex-

pected to be obtained up to the logical limits of open-cycle systems.

This fuel-weight limitation to applicability is by no means unique to open-cycle

MHD conversion methods but confronts other methods as well. In order to make a

realistic evaluation of open-cycle MHD power conversion, a reasonable operating

time must be chosen; we arbitrarily will limit ourselves to operating times of

an hour or less. This limitation may be the result of materials degradation, a
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specific fuel consumption rate which dictates the choice of another type system

after a particular operating time, or a combination of these and other factors.
Whatever the reason for the limitation, the open-cycle MHDconverters must have

a mission for which their use is logical. Recognizing that in all probability

the maximumrunning time for an efficient (high temperature) open-cycle MHD

unit will be somewhatless than for fuel cell or turboalternator systems, the

question then becomesa matter of finding missions for which "high" power is

required for "brief" durations. The particular level of power and exact dura-

tion are, for the moment,undefined but of particular interest are powers in
excess of lO kw for times less than an hour, the probable range of feasibility

for open-cycle MHDgenerators.

Power requirements of this nature are somewhatdifficult to find documented, but

the need becomesapparent after a little reflection upon possible space missions.

The increasing level of ambition to be found in nearly all projected missions,

including mannedand unmanned,military and scientific, will necessitate ever-

increasing on-board electrical power capability. This becomesparticularly

obvious in the case of deep space (planetary) probes where it maybecomedesirable

to have rapid vehicle control by earth commands;this in turn demands"real

time" high-rate data transmission from vehicle to earth so that the transmitted

information maybe interpreted, judgments made, and earth commandssent in mini-
mumtime. Another similar area is near-earth missions involving several men.

Here again future power demandswill be dictated by a combination of vehicle

size, crew size, scientific tasks, repair capability, backup emergencypower, etc.

An attempt has been madeto compile a more specific listing of needs for "high

output, short term" electrical power. In most cases, however, these needs do not

apply to authorized (fUnded) programs; consequently no quantitative requirements

are available. This listing includes:

i. MannedOrbiting Space Stations, for

a) general emergencypower

b) docking and rendezvous power (no reactor power available)

c) repair power

d) guidance and attitude control power

e) fuel transfer (pumping) power
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2. Extra-terrestialBase Power, for

a) emergency and repair

b) communications

c) collector and/or radiator deployment

3. General Vehicle Power, for

a)

b)

c)

d)

e)

f)

g)

4. Excursion Vehicle Power, for

a) ground support (rock drilling and sample gathering)

b) antenna or collector erection and/or deployment

5. Long Distance Communications Power, for

recoverable boosters

redundant (emergency) power (for communications, life support, etc.)

re-entry co_nunications

startup power for closed cycle power systems (e.g., for control, or

radiator pre-heat)

docking and rendezvous

deployment of "foldable" structures (radiators, collectors, antennas)

parawing deployment

a) optical (laser) communications power

b) "real-time" data transmission (direct broadcast without information

storage or re-transmission)

c) long distance, high resolution television transmission

d) margin for communications through natural and artificial radiation

belts (unknown scattering effects)

This last area, long distance communications, is of particular interest for high

output, short term power. In the case of a scientific probe to one of the planets,

only small quantities of electrical power would be required during the several

months or more of flight. Once in the immediate vicinity of the target, however,

it might prove highly advantageous to have a large power capability available so

that "direct" information could be obtained. This leads in turn to the require-

ment for a "dormant" power system which becomes activated upon the demand for

data transmission. The ME) power generator should be ideally suited for missions

of this type.

One may visualize a Mars mission, for example, where a soft-landing of a scien-

tific payload containing a television camera is desired. After several months
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of dormancy the power system becomes operative such that data is sent to earth

during the penetration of the Martian atmosphere. It might happen, for example,

that a retro-rocket failure makes a hard landing imminent, with doubtful sur-

vival of the payload, so that maximum data acquisition and transmission is de-

sired in the shortest possible time. Under such circumstances an MIID generator

system would serve to "salvage" the mission with the ability to return a wealth

of data including direct television pictures of the Martian landscape prior to

impact. It is axiomatic that the probability of mission success decreases with

increasing mission time; a "burst" power capability would provide missions of

this type with a highly worthwhile degree of flexibility and redundancy.

The level of power required for this type of effort depends upon a variety of

factors including transmission distance, information quality (resolution), and

data rate. An estimate of the required powers may be taken from a recent paper

by Welles (1). Table 7-1 lists some of his data showing the required power for

data transmission from several planets for three data rates. Welles "assumes an

8-ft. diameter steerable dish antenna on the probe" and "a transmitter efficiency

of ten per cent, and the use of Deep Space Instrumentation Facilities for earth

recept ion".

Table 7-1

Interplanetary Communication Power Requirements

Moon

Mars or Venus

Jupiter

Pluto

From ....... at .......

(Source) (Rate)

i000 Bits/sec.

I TV frame/sec.

i0 Bits/sec.

i000 Bits/sec.

I TV frame/sec.

i0 Bits/sec.

i000 Bits/sec.

I TV frame/sec.

lO Bits/sec.

lO00 Bits/sec.

1TV frame/sec.

• . requires

(Power, watts)

10-3

i0 -I

5

2 x 102

5 x lO4

2o

2x 103

5xlO 5

lO5

2x 10 7
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These power levels are only approximations based on Welles' graph (e.g., Mars

and Venus are "equidistant" from earth) but should serve to indicate the scope

of the problem. The exact number of TV frames/sec, which constitute "direct"

broadcasting of acceptable resolution, or the number of simultaneous channels

of data transmission desired must yet be defined. The point, however, is that

real time planetary transmission will require considerably more power than for

earth-orbiting or lunar conlnunications.

The applications for space electric power systems will eventually include those

of propulsion and extra-terrestial power stations. The primary requirements for

these applications are that the power system be lightweight and reliable, and be

capable of generating a large amount of power for a long period of time. These

requirements dictate nuclear closed-cycle systems with heat rejection by radia-

tion. The realization of practical closed-cycle systems employing MHD generators

must therefore depend on the development of nonequillbrium plasma concepts to

the extent that reasonable levels of conductivity are obtained at gas temperatures

commensurate with anticipated reactor technology. Because of the rather inclu-

sive nature of the current state of knowledge concerning the feasibility of

applying nonequilibrium MHD concepts, the Closed-cycle MHD power system will not

be discussed further in this section.

7.2 Comparison of Power Systems In the power range from 1 to lO0 kw and

for durations to about an hour, open-cycle MHD power systems are in direct com-

petition with primary batteries, chemical dynamic APU's, and non-regenerative

fuel cells. A realistic appraisal of MHD conversion consequently must be made

relative to these competing techniques. It is appropriate, therefore, to com-

pare these power systems beginning with a review of their general characteristics

and concluding with an estimate of their performance for a specific mission.

Primary Batteries Batteries enjoy a strong competitive position because

of their current wide usage and background of actual in-service experience. They

are "modular" and "off-the-shelf" units and can be built up for a wide range of

voltage and current requirements. Currently, battery systems are used for powers

up to 2 kw and 5-30 minutes of operating time in space applications. Emergency

escape capsules and IC_ auxiliary power (medium power, short time) are typical

of this use. Battery systems also find application for powers up to 500 watts
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at 1-5 hours of operating time (low power, medium time). Primary batteries are

reliable, can be discharged at reasonably high rates, have good power/weight (up

to 80 watt-hours per pound), and good power/volume ratios, and are not Carnot

limited in conversion efficiency. Primary batteries, however, are expensive,

have poor charged shelf-life and poor low temperature performance. The latter

two objections may be minimized at the cost of increased system complexity.

Non-Regenerative Fuel Cells For operating times less than two weeks, the

non-regenerative fuel cell is of interest. Fuel cells should be stable under

steady loads, allow lO0 per cent depth of discharge, but problem areas include

electrodes (materials and design), electrolytes, removal of reaction products,

and zero-g operation. Fuel cells, however, show promise of more stable operation

under varying conditions of temperature than is obtainable with batteries.

Chemical Dynamic APU's Chemical auxiliary power units are especially well

suited to the range of power and duration under consideration here. Solid-fueled

A_'s are used for short term power levels higher than can be conveniently derived

from primary batteries, typically times less than 15 minutes and power levels up

to about lO kw. Solid fueled APU's do not suffer from zero-g problems, can be

used to provide electrical or hydraulic power, and enjoy the advantages of solid

fuel storage and handling. Their specific propellant consumption is higher than

that of liquid fueled APU's and leads to excessive weight for longer, higher

power operation; furthermore, since solid propellants burn at a fixed rate, the

propellant grain must be sized for the peak power demand.

For high power, short time operation (to 50 kw, 2-3 hours) liquid propellant

chemical APU's are well suited. These afford power control, longer duration of

operation, stop/restart capability, and easier ground checkout. For longer

times (to about three days) cryogenic fuel storage becomes practical; liquid

hydrogen, for example, is only 1/16 as dense as hydrazine but is a factor of

three better in fuel consumption per unit of energy. Liquid propellant APU's,

on the other hand, are more complex than the solid fueled, encounter problems in

zero-g operation and in fuel delivery to the combustion chamber.

Open-Cycle MHD Generators An open-cycle MHD generator can be run with

either solid or liquid fuels; consequently, it shares the design flexibility of

chemical APU's in terms of fuel selection for short or long term operation. MHD
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converters, furthermore, enjoy an advantage in that no rotating hardware compo-

nents are required. As will be seen, estimates indicate the MHD generators are

reasonably competitive with chemical APU's, non-regenerative fuel cells, and

primary batteries for powers in the range of 10-50 k_ and times to about an hour.

Comparison of Power Systems A more specific comparison is in order at this

point. Two cases will be considered: l) 50 kw for one hour, and 2) lO kw for

twenty minutes. These are typical requirements of the applications previously

mentioned, The weights of the power systems for these two requirements will be

estimated for a non-regenerative fuel cell, a primary battery, a chemical dynamic

APU, and a vortex-type MHD generator. Some discussion of the assumptions made

with respect to specific power, fuel consumption, etc., is necessary and follows

below. The results are summarized in Table 7-2.

The weight of a hydrogen-oxygen non-regeneratlve fuel cell for the two cases

above will be estimated first. Based upon current TAPCO laboratory experience,

it would appear that fixed weights ranging from R to 21 lbs/k_ will be obtainable

after an intensivedevelopment program of several years' duration. It will be

assumed that fuel efficiency (non-crltlcal for short durations) may be sacrificed

to yield a specific fixed weight of l0 lbs/kw. Ad additional 150 lbs. and 50 lbs.

for cases 1 and 2 respectively will be added to account for fuel, tankage, con-

trols and some heat rejection by hydrogen purge. This results in fuel cell

system weights of 650 and 150 pounds for the two cases of interest.

The primary battery is assumed to be silver-zinc, operating at 70°F. A lO0 per

cent depth of discharge will be assumed (total expenditure of the chemical energy

stored in the battery). The available energy per unit weight varies considerably

with the discharge rate; the following table lists what are considered to be

conservative estimates (including case weights) of these discharge characteristics,

based upon data published by battery manufacturers.

Discharge Time

(minutes)

Energy Release per Unit Weight

(watt hours/lb)

60 40

2O 33

lO 28
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Battery power for the two cases defined previously would require 1250 and i00

lbs. respectively, without provisions for activation or heat rejection.

The weights of the chemical dynamic APU's are based on the assumption that the

fuel will be hydrazine, thus permitting longer periods of dormancythan for

cryogenic fuels. Systemdry weights, including tankage and controls, are esti-

mated to be 350 lbs. and 106 lbs. for cases 1 and 2 respectively. These esti-
mates were derived from the TAPCOdevelopedhydrazine APU's2TU-112700 (37 kw,

260 lbs) and TU-145000(16 kw, 170 lbs.). Fuel consumption rates 3, based on

expected developments in the next several years, are 5.0 and 5.1 lb/kw-hr for

cases 1 and 2. Thus the total system weight estimates of these two examples are

600 lbs and 123 lbs.

The MIKDsystem used in this comparison is assumedto be the open-cycle vortex

MHDgenerator, the performance of which was described in Section 6.3. Two

major factors contribute to the weight of such a unit, the magnet and the fuel.

The former increases with power output, and the latter with both power output

and time of operation. The general problem of arriving at an optimum generator

design for any given set of requirements is exceedingly involved because of the

large numberof parameters needed to describe the machine.

The performance calculations described previously have fully accounted for sig-

nificant losses and thus realisticallydescribe generator performance under the

stated conditions of operation. Since a parametric analysis was not completed,
the results must be considered as conservative; an optimum design was not deter-

mined. Hencethe potential system weights will be less than 1380 lb and 205 lb

respectively for cases 1 and 2 above, assuming permanent magnets, and less than

750 lb and 60 lb respectively, assuming superconducting magnets and a three

month dormancy.

These results, must not be regarded as the best representative values since the

design flexibility of the vortex generator permits control and variation of such

a large number of parameters that the surpassing of these performance figures

should be possible. The purpose of the comparison was, in essence, to give some

idea of the relative status of open-cycle MHDpower conversion.
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The two missions selected resulted in a situation in which both the generator

magnet and the fuel substantially contributed to the total weight. This need

not be true in general; there are missions such that one or the other will pre-

dominate and the other may be "neglected". For very long durations of power,

for example, the fuel weight might predominate and the generator weight could

be neglected; in such a case the conversion efficiency would be all-important

since it would determine the efficiency of fuel utilization and the total fuel

weight required. In this case high efficiency of generator operation would be

preferable to a light-welght converter operating at an efficiency penalty. For

shorter times (fuel weight negligible), operation at reduced efficiency in favor

of increased generator power output per unit (system) weight would be preferred.

A comparison of the results obtained is indicated in Table 7-2.

Table 7-2

Estimated Total Weight of Various Power Systems

Fuel Cell

(Non-Regenerative)

Primary Battery
(Silver-Zinc)

Chemical Dynamic APU
(Liquid Fueled)

Vortex MHD Generator

(Liquid Fueled)

a) Permanent Magnet

b) Superconducting

Magnet
(3 Mo. Dormancy)

Case i

50 kw for 60 min.

Case 2

i0 kw for 20 min.

650 Ibs 150 lbs

1250 lO0

6oo 123

< 138o < 2o5

< 750 < 60
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8.0 CONCLUSIONS AND RECC_4MENDATIONS

Conclusions The objective of the present experimental and theoretical

research has been to determine the performance characteristics of the vortex

MHD power generator and the applicability of this device in the field of elec-

tric power generation for space application.

Emphasis was given to advancing the concepts of turbulent vortex flows, to

determining the operating characteristics of an experimental vortex MHD genera-

tor, and to improving the analytical methods for predicting generator performance.

The investigation of turbulent vortex flow was conducted both analyticall_ and

experimentally. Analytical models, based on a pseudo-laminar analysis and in

analogy with turbulent layers, were developed for the hydrodynamics of turbu-

lent jet-driven vortex flows with and without centerbodies. The mixing length

theory which was developed for this application under a preceding contract was

found to be more complicated and unnecessary. Measurements of the flow dis-

tributions within a vortex chamber generally confirmed the validity of the

analytical one-dimensional flow models for the vortex cover region; they also

revealed the presence of relatively strong radial flows in the sidewall boundary

layers of the low aspect ratio vortex chamber employed. It would appear that

this boundary layer flow will be the dominant factor in establishing the lower

limit of practical power production by the vortex MHD generator. This lower

limit is judged to be approximately l0 KW.

A vortex type MHD generator was operated in the laboratory on seeded arc-heated

argon plasmas. Both single and dual driving Jets were employed; the seed

material consisted of either an aqueous solution of cesium hydroxide or liquid

cesium metal. Of the several test attempts, two were aborted because of com-

mercial equipment failures and two were unsuccessful in producing substantial

power because of rapid graphite exhaust tube erosion and subsequent generator

shorting. The materials problem otherwise was reduced to an acceptable level.

Heat transfer and thermal control were established consistent with original

estimates.

A computer numerical simulation of the vortex MHD generator was developed for

parametric analysis and performance determinations. Real gas effects, including
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external heat transfer and viscous drag on the vortex sidewalls were thereby

included in the calculation of overall generator performance.

Finally, the computer analysis was applied to the example of a high temperature

combustion-plasma-operated vortex MHD generator; the generator performance was

shown to be very attractive when compared with other types of prominent open-

cycle power conversion systems. Furthermore, an analysis of reliability and

materials wear out time indicated that this generator would be entirely satis-

factory for operating times of at least one hour, which an applications survey

suggested would encompass most of the space requirements for open-cycle power.

In summary, a survey of space power requirements has shown that a definite

need exists for short term power at moderate to high power levels. This power

generation must be accomplished at high power density and at very high relia-

bility. The results of the present study have established that the combustion

driven vortex MHD generator is uniquely suited for such application. The

direction of this investigation has emphasized the technology of open-cycle

power systems rather than closed-cycle systems because of the belief that the

former will be brought to fruition at a much earlier date. There is no inten-

tion of minimizing the possibility for the potential application of the vortex

concept to closed-cycle MHD power systems. In conclusion, the recommendations

for a proposed program which logically will advance still further the vortex

generator concept are elucidated below.

Recommendations The computer program developed under the present program

should be employed in a more extensive parametric analysis to determine optimum

generator operating conditions and geometrical configurations.

The analytical and experimental study of turbulent vortex motion should be

continued, with emphasis on the sidewall boundary layer development and inter-

action with the main vortex core flow.

Additional tests of the experimental vortex MHD generator, designed and con-

structed during the present program for operation with cesium seeded argon

plasmas, are warranted in order to: confirm the empirical coefficients employed

in the computer program; prove the high temperature performance of new ceramic

materials which are being developed continually; and demonstrate the adequacy

of certain generator construction techniques.
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9.0 APPENDIX A

The Differential Equations of Vortex Flow

Laminar Flow In cylindrical coordinates the Navier-Stokes equations are,

assuming steady, symmetric incompressible, constant viscosity flow (with/_' = 0

and_ = -213_),

_u v_u _u v2 1_p+ j[V2u u 2 _v]
u _-_ + _ + w _z r = -_ _-r r2 r2 _8 (I)

u])v v_v _v u!v 1 _p v --_ (2)
u _ + r _-@ + w _ + r = _r _8 + r2 + r2

_w v_w _w l_p _72w
u_+ r _@ + w _ = _, _z + (3)

where

and

=--+T_T+ +--
_r 2 2 _@2 _z 2

(u, v, w) = velocity components in the (r, @, z) right handed cylindrical

coordinate system

p = pressure

= density

i/ = kinematic viscosity

The equation expressing conservation of flow is

ur + u/r + 1/r v@ + w z = 0 (4)

Now for a vortex chamber having a large number of driving Jets _ /_ @ _ 0 except

near a driving jet nozzle. Furthermore, for a chamber with an inner porous

cylinder w_O and _/_ z _ O. (This holds also for the regions which are not

too close to the exit tube of a chamber having no inner cylinder. ) If these

terms in the basic equations are neglected, there results

_u _2 l_ #_u l_u r__U dr r - _ dr +z/\_2r2 + r dr (5)
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u _ + _- _dr2 r dr
(6)

am + u = 0 (7)
dr r

This system, which is integrable, should represent the "core" region of a vortex

chamber. From (7) there follows

du dr.... _ ur = u r = const. (8)
u r oo

where the subscript refers to the outermost part of the core region. It will be

assumed that the recovered driving Jet velocity, Vo, is obtained at r = ro.

Using (8) in (5) and (6) there is obtained

u 2 + v2 : _zd_ (9)
r e dr

and

u°r° (d_r v I V_rr

The general solution of (lO) is

1 + Reu
v = Ar-l+ Br

+_) (1o)

(ll)

where

Uor o

Re u =

is the negative of a radial Reynolds number (recall that we are considering a

central exit tube with u < 0).

The solution (ll) holds for laminar flow and the coefficients A and B are to be

determined by the boundary conditions

v=v atr=r
o o

v = vi at r = ri

For the case with an inner porous cylinder r i is the radius of the cylinder and

v i = O. When there is no porous cylinder r i is the radius at which (11) must be

matched to an inner solution which represents the flow in the exit tube region.
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Turbulent Flow The equations governing the mean flow quantities of a

turbulent flow are obtained from the basic equations for non-steady flow by

assuming that each flow quantity is the sum of a time independent mean and a time

dependent turbulent quantity. Thus

u = u(R) + u'(r,t), v = v(r) + v'(r,t)

and

p = p(r) + p'(r,t)

Using these in (5)-(7) and averaging, there is obtained

- -2
- du v i dp , _ _-2 (12)
Udr r = _dr u _+_-

v)d<dv ovvu _-_+_ =_ d-r+r - u' d-r+ r- (13)

du
d--r+'-r = 0 (14)

According to (14), the solution (8) for the radial velocity component also holds

for the mean value _ of a turbulent vortex flow. Equation (12) can be written

in a form analogous to (9) by noting that

du v U v _ U--r

d-_-+ r - dr + r - 0

Using this and (14) in (12) gives

• -2 ,2 v,2) (15)idp i (_2+ v + u +
_ d--_= _

as the equation which determines the mean pressure distribution for turbulent,

axi-sym_netrlcal vortex flow. Now the equation for the tangential velocity v can

be written in the form of (lO) if the turbulence stress terms

d_'
r@-eu,C_v'_-)\dr + - dr

2(_v
+r re

are interpreted in terms of an eddy viscosity and the mean flow as
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Then, for constant E,

(16)

d(_'
r@ 2

+ _ (_t
dr r r8 ) (16A)

Using this in (13) results in

U roo V>r d

The case E = constant has the solution (ll)

+ r ) (17)

if#isreplacedbyJ ÷E/C;this
assumption will be made as a starting point in the analysis of turbulent vortex

chamber data. There is a justification of the constant eddy viscosity assumption

since a fully turbulent flow (E>>/_) has a near3J constant eddy size. The

region of a vortex chamber where fullyturbulent flow is obtained can be expected

to be the core region between the driving jets and the inner cylinder (or the

inner viscous region for the case of a vortex chamber with no inner cylinder).

This core region of a vortex chamber is analogous to the outer region of a tur-

bulent boundary layer and to the mixing region in the turbulent mixing of paral-

lel jets. Both of these phenomena have been shown to be governed by the equa-

tions of free turbulence with a constant eddy viscosity (References 3 and 8).

APPENDIX B

Integration of the Torque Balance Relation for the Wall Region

Conservation of angular momentum dictates that (see Equation (24) of Sec-

tion 2.1.4)

where

dV V Reu V C (i)

dR A + R i + E//_ A + R = (i + E/_)(A + R)

Ri 2 Cf i Re v
(2)

C = 2(1 Ri)

Equation (i) can be rewritten as
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I

d ( V ) Reu VI (A+__)__A;_ _.+_ A+__-

I For a linear variation of E//%_ this equation can be integrated.

--a + bR, it can be written as

C

(i + E/_ )(A'÷ R_)
(3)

Letting i + E/_

(4)

Reu
N- < 0

Ab - a

It follows that

R)vl (a bR_)-NV = C IN(R)+ B(A + +

(5)

(6)

I

I

I

I

I

I

I

I

I

I

where B is an integration constant and

I R bx) "(l+N) (A x) "(3-N)_(_R)= (_+ + dx (7)

The integration required to evaluate IN(R_) can be performed for any value of N.

Let

a - Ab
A+x=

V-b

There results

or

IN(R_) = (Ab - a) -3

IN(R ) = (Ab - a)'31_

L'

a+bR

I A + R _ -(I+N) (V - b)2 d_
(8)

-N I-N N

a+ BR

A+R_

An example of the solution for the wall region as obtained in this Appendix is

given in Figure B-1. It has been matched to the outer profile at _m = 0.15 and

it is compared with a profile which was obtained by numerical integration in

Reference 2 of Section 2.
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It should be noted that the solution given by (6) and (9) can be employed in the

immediate neighborhood of the inner cylinder; if it is, and if the constant B is

evaluated so that V = 0 at R = O, then the solution given byEquation (28) of

Section 2.1.4 is the result. But the solution of Section 2.1._ is expected to

be valid only for R = 0(lO -4) or less. For larger values of R the solution given

in this Appendix should be used.

APPENDIX C

Equations for Flow in a Vortex without Porous Inner C_linder (Centerbody),

Steady t Symmetric# Incompressible_ Constant Viscosity Flow in Annular Region

The assumptions are:

iZ_ --constant _ = 0

!

/_C =0 --=0_8

_---_= 0

= constant w = 0

The general solution of the tangential momentum equation, derived from the Navier-

Stokes equations, is

v = Ar "I + BrI + Rev (i)

as indicated by Equation (Ii) of Appendix A. Nondimensionalizing and changing

constants,

V = v/v o r = r/r °

Equation (1) becomes

V = AR "I + BR I + Rev (2)

The boundary conditions are:

r = r° : R = i; v --Vo; V = 1

r = ri: Ri = ri/ro; v = vi; V i = vi/v °
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Thus

B __.

RiV i - 1

Ri 2+Rev -i

A

Ri2+Reu _ RiV i

Ri 2+Reu - i

and the solution (2) becomes

. R2+Reu R2+Reu

which agrees with the solution of Einstein and Li (Reference 9 of Section 2).

For purposes of eventually matching the solutions for the annular region and the

inner region, the radial derivation of V at the inner radius is required. It is

dVJ [ _v_d-R i - Ri2 + Reu
R=R i

[RiVi"Ri2-Rej
(1 + Reu) RiReu -[ 1 - Ri2+Reu

Steady# Symmetric_ Incompressible_ Constant Viscosity Flow in Inner Region

The assumptions are the same as for the annular region except that_w/_z =

constant over theexit tube area. This latter assumption was successfully em-

ployed by Einstein and Li and later by Deissler and Per/mutter. (References

9 and lO respectively of Section 2). For this case the Navier-Stokes equations

reduce to

(Reu/2)(r/ri)2
v = Cr "I + Dr -I e (5)

or in the nondimensional form

(Reu/2)CR/Ri) 2
V = CR "1 + DR-1 e

where

RiVi
-C = D = Reu/2.

e - 1

(6)
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when the following boundary conditions are imposed

r = ri: Ri = rl/ro;_ v = vi; Vi = vi/v°"

r = 0: R = O; v = 0; V =0

Thus the solution (6) can be expressed as

V __

(Reu/2) (R/Ri)2
RIVi i - e

R Reu/2 _
i - e

and thus its derivative at Ri is

Reu/2
dV Vi Vi

d-Rl = " _ll + _i Re_. eReu/2 - I

R=R i e

Matched Solutions for the Inner and Annular Vortex Regions Setting

dVl_-_ from the two regions equal, and solving for Vi_

R=R i

Reu/2

(2 + Reu)(e - i)

Vi= I -(2+Reu) Reu/2 Reu/2 )}Ri Reu (Ri e - i) + 2 (e - i

Thus in the inner region, where Ri > R

(Reu/2)(R/Ri) 2

(2 + Reu)(e - i)
VR:

-2-Reu Re'u/2 Reu/2

Reu (Ri e - I) + 2 (e - i)

and in the annular region, where I>R>R i
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Reu/2 2+Reu

Reu + 2 (i - e ) R - i 2+Re u

VR = -2-Be1/ Reu/2 Reu/2 + R (11)

Reu (Ri e - i)+ 2 (e - i)

Steady; Szmetric # Compressible# Constant Viscosity Flow in Annular Region

With the assumption of constant density relaxed, but all other restrictions main-

tained as for the incompressible case, the tangential momentum equation is de-

coupled and identical to that for the incompressible case

_°r°U°r d_d-r+r) =/___d _I___+ -_ (12)

Steady, STmnetric t Compresslble_ Constant Viscosity Flow in Inner Region

If the assumptions for compressible flow in the inner region remain the same as

for incompressible flow except that now 2pw/_z = constant over the exit tube

area (this latter assumption _ss first suggested by Deissler and Perlmutter, Ref-

erence i0, Section 2) the tangential momentum equation becomes

r2
r2 dv . (i + Reu--_) v 0r2 d2v+ r (i- Reu --_)_ =

dr 2 ri ri

(13)

Thus in this case also the tangential momentum equations are identical for both

compressible and incompressible flow.
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